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Abstract

With the aim of analyzing the behavior of
aggregation functions when receiving con-
tradictory information, this paper studies
the satisfaction of the functional equation
A(x,N(x)) = c, where A is an aggrega-
tion function on [0, 1], N is a strong nega-
tion and c is a constant value belonging to
[0, 1]. Special attention is paid to the val-
ues c ∈ {0, 1, xN , e, a}, where xN is the fixed
point of the negation and e/a denote, respec-
tively, neutral/absorbing elements.

Keywords: Aggregation functions, strong
negations, contradictory information.

1 INTRODUCTION

Due to the key role they play in many practical ap-
plications, the interest in aggregation functions, which
perform the combination of several inputs into a sin-
gle output, is unceasingly growing (see e.g. the recent
monographs on the topic [4, 12, 2, 6]). Large families of
aggregation functions, as well as different construction
methods, are available, so an important -and difficult-
issue is how to choose the most appropriate function
for a given application. Several criteria may help in
making this choice, such as the satisfaction of some
specific properties, the fitting to some empirical data
or the fulfillment of a given optimization condition.

In some contexts, the behavior of the aggregation func-
tion when receiving contradictory information could
be a useful criterion. For instance, depending on the
application, one may be expecting a low, a high or a
medium score when aggregating couples of contradic-
tory information, thus seeking an aggregation function

presenting, respectively, an intolerant, a tolerant or a
compensative attitude towards contradictory inputs.

This paper proposes a preliminary approach to the
above problem, representing contradictory informa-
tion by means of couples (x,N(x)), where N is a nega-
tion function, and then studying the satisfaction of the
functional equation A(x,N(x)) = c for some distin-
guished values c ∈ [0, 1]. It is organized as follows.
Section 2 briefly recalls the main issues regarding ag-
gregation and negation functions that are needed later
on. Section 3 includes the main results of the paper.
It first provides some general statements about the
fulfillment of the equation A(x,N(x)) = c, and then
addresses the following distinguished cases: c = 0 and
c = 1, accounting, respectively, for strict intolerant
and tolerant behaviors; the case c = xN , where xN is
the negation’s fixed point, presenting a compensative
behavior; and then the neutral and absorbing behav-
iors, represented, respectively, by c = e and c = a,
where e and a stand for neutral and absorbing ele-
ments. The paper ends with a summary of the ob-
tained results.

2 PRELIMINARIES

Although aggregation functions are defined for inputs
of any size, in this paper these terms will be used
to refer to bivariate aggregation functions, i.e., non-
decreasing functions A : [0, 1]2 → [0, 1] verifying the
boundary conditions A(0, 0) = 0 and A(1, 1) = 1. Ag-
gregation functions may be compared pointwise as fol-
lows: given two functions A1 and A2, it is said that A1

is weaker than A2 (or A2 is stronger than A1), and it
is denoted A1 ≤ A2, when it is A1(x, y) ≤ A2(x, y) for
any x, y ∈ [0, 1]. The relation ≤, along with the dis-
tinguished functions Min (minimum) and Max (maxi-
mum), allows one to classify aggregation functions into
the following four categories:
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• Conjunctive functions, which are those verifying
A ≤ Min. This class includes the well-known
triangular norms (t-norms) as well as copulas.

• Disjunctive functions, verifying Max ≤ A, such
as triangular conorms (t-conorms) and dual cop-
ulas.

• Averaging functions, which verify Min ≤ A ≤
Max, and include, in particular, different func-
tions based on the arithmetic mean, such as
quasi-linear means or OWA operators, as well as
integral-based aggregations.

• Finally, the class of mixed aggregation functions
contains all the operators that do not belong to
any of the three previous categories, such as uni-
norms, nullnorms, compensatory T-S operators or
symmetric sums.

Recall also that an aggregation function A has a neu-
tral element e ∈ [0, 1] whenever A(x, e) = A(e, x) = x
for any x ∈ [0, 1], and an absorbing element a ∈ [0, 1]
when A(a, x) = A(x, a) = a for any x ∈ [0, 1].

On the other hand, contradictory information will be
represented with the help of strong negations ([13]).
A strong negation is a non-increasing function N :
[0, 1] → [0, 1] which is involutive, that is, verifies
N(N(x)) = x for any x ∈ [0, 1]. Recall that a
function N : [0, 1] → [0, 1] is a strong negation if
and only if there exists a strictly increasing bijec-
tion ϕ : [0, 1] → [0, 1] such that N = Nϕ, where
Nϕ(x) = ϕ−1(1 − ϕ(x)) for any x ∈ [0, 1]. Due to
their definition, strong negations are continuous and
strictly decreasing functions, they satisfy the bound-
ary conditions N(0) = 1 and N(1) = 0, and they have
a unique fixed point xN = ϕ−1( 1

2 ) ∈]0, 1[, verifying
N(xN ) = xN . The set made of all the strong nega-
tions defined on [0, 1] will be denoted with N[0,1].

3 MAIN RESULTS

As already stated in the Introduction, the aim of this
paper is to study which aggregation functions satisfy
the equation

∀x ∈]0, 1[, A(x,N(x)) = c (1)

for a given strong negation N and a constant value c ∈
[0, 1] (the points (0, 1) and (1, 0) are excluded because
of their singularity). Note first of all that the weakest
and the strongest aggregation functions satisfying (1)
are, respectively,

A(x, y) =

 0 if y < N(x),
1 if x = y = 1,
c otherwise.

and

A(x, y) =

 0 if x = y = 0,
c if y ≤ N(x),
1 otherwise.

It is also easy to prove that given a strong nega-
tion N , the class made of all the aggregation func-
tions satisfying equation (1) is closed under composi-
tion by means of any aggregation function having c
as idempotent element, i.e., if A1, A2 are two aggrega-
tion functions satisfying equation (1), then A(A1, A2),
defined as A(A1, A2)(x, y) = A(A1(x, y), A2(x, y)) for
any x, y ∈ [0, 1], does also satisfy the equation as long
as A(c, c) = c. When c ∈ {0, 1} any aggregation func-
tion may be used as the outer function A; otherwise,
A may be chosen, for example, among averaging func-
tions.

Observe on the other hand that equation (1) refers to
one specific strong negation, whereas situations may
arise in which one is interested in aggregation functions
satisfying the equation for any strong negation, i.e., in-
dependently of the particular negation that is used to
represent contradictory information. This considera-
tion suggests the following stronger version of (1):

∀x ∈]0, 1[, ∀N ∈ N[0,1], A(x,N(x)) = c (2)

The above equation is evidently much more restrictive
that the former one. Averaging functions are to be dis-
carded, and the weakest and the strongest aggregation
functions satisfying equation (2) are, respectively

A(x, y) =

 0 if x = 0 or y = 0,
1 if x = 1 and y = 1,
c otherwise.

and

A(x, y) =

 0 if x = 0 and y = 0,
1 if x = 1 or y = 1,
c otherwise.

The next subsections are devoted to the following par-
ticular cases:

• c = 0 and c = 1, which reflect, respectively, strict
intolerance or large tolerance with respect to con-
tradictory information.

• c = xN , where xN is the negation’s fixed
point. Since it is always Min(x,N(x)) ≤ xN ≤
Max(x,N(x)), this case provides a compensative
behavior.

• c = e and c = a, when dealing, respectively, with
aggregation functions with a neutral element e ∈
]0, 1[ or an absorbing element a ∈]0, 1[.
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3.1 THE CASES c = 0 and c = 1

Equations A(x,N(x)) = 0 and A(x,N(x)) = 1 were
analyzed in [11] while studying the satisfaction of the
logical Non-Contradiction and Excluded-Middle prin-
ciples. The main results regarding the former (the
approach to the latter is, thanks to duality, similar)
are summarized below:

Proposition 1 [11] Equation (1) with c = 0 is satis-
fied if and only if for any x, y ∈ [0, 1] it is:

A(x, y) =
{

0, if y ≤ N(x), {x, y} 6= {0, 1}
B(x, y), otherwise

where B is any bivariate non-decreasing function ver-
ifying B(1, 1) = 1.

Clearly the above characterization provides either con-
junctive aggregation functions (when B is chosen such
that B ≤Min) or mixed ones (otherwise). Among the
former, one may find different triangular norms, such
as the drastic t-norm, the nilpotent minimum or some
t-norms isomorphic to the  Lukasiewicz t-norm. Re-
garding mixed functions satisfying equation (1) with
c = 0, some instances may be found, for example,
within the class of compensatory T-S functions (see
[11] for details).

Concerning equation (2) with c = 0, the following
characterization is available:

Proposition 2 [11] Equation (2) with c = 0 is satis-
fied if and only if for any x, y ∈ [0, 1] it is:

A(x, y) =
{

0, if (x, y) ∈ [0, 1[2

B(x, y), otherwise

where B is any bivariate non-decreasing function ver-
ifying B(1, 1) = 1.

Aggregation functions characterized in Proposition 2
may only be conjunctive (such as the drastic t-norm,
which is the unique t-norm satisfying (2) with c = 0)
or mixed (e.g. the exponential convex combination
of the drastic t-norm and any t-conorm, see [11] for
details).

3.2 THE CASE c = xN

The main results associated to the case c = xN , which
accounts for a compensative behavior, are the follow-
ing:

Proposition 3 Let A be an aggregation function and
let N be a strong negation with fixed point xN .

1. If A is either conjunctive or disjunctive, then it
does not satisfy equation (1) with c = xN .

2. If A has neutral element e ∈]0, 1[, then A satisfies
(1) with c = xN if and only if it satisfies (1) with
c = e (and in such a case it must be xN = e).

3. If A has absorbing element a ∈]0, 1[, then A sat-
isfies (1) with c = xN if and only if xN = a.

4. If A is commutative and N -self-dual (i.e., A =
N ◦A ◦N ×N) then A satisfies (1) with c = xN .

5. A does not satisfy equation (2) with c = xN .

Proof. The first statement comes from the in-
equality Min(x,N(x)) ≤ xN ≤ Max(x,N(x)) for
all x ∈ [0, 1]. The second one is obtained choosing
x = e and taking into account that N is an involu-
tion with a unique fixed point. To prove the third
one it suffices to choose x = a and to notice that, be-
cause of monotonicity, any aggregation function with
absorbing element a is such that A(x, y) = a whenever
(x, y) ∈ [0, a]×[a, 1]∪[a, 1]×[0, a]. The involutive char-
acter of N provides the fourth statement. Finally, to
prove the last statement take (u, v) ∈]0, 1[2 such that
u 6= v and choose two strong negations N1 and N2 such
that xN1 6= xN2 and v = N1(u) = N2(u); then the ful-
fillment of equation (2) with c = xN would entail the
contradiction xN1 = xN2 .

The particular cases where A has a neutral or an ab-
sorbing element will be treated in the next subsections.
For the general case, the condition given by the fourth
item of Proposition 3 is very useful for finding both
averaging and mixed aggregation functions satisfying
A(x,N(x)) = xN for any x ∈]0, 1[, since different fami-
lies and construction methods for N -self-dual aggrega-
tion functions are available (see e.g. [9]). For instance:

Proposition 4 Given a strong negation N = Nϕ,
the quasi-arithmetic mean generated by ϕ, given by
Mϕ(x, y) = ϕ−1(ϕ(x)+ϕ(y)

2 ), is an averaging function
satisfying A(x,N(x)) = xN for any x ∈ [0, 1].

Proposition 5 Given a strong negation N = Nϕ and
an arbitrary commutative aggregation function B, the
two following constructions provide aggregation func-
tions verifying A(x,N(x)) = xN for any x ∈ [0, 1] (the
first one with convention 0

0 = 1
2):

A(x, y) = ϕ−1

(
B(x, y)

B(x, y) +B(N(x), N(y))

)

A(x, y) = ϕ−1

(
B(x, y) + 1−B(N(x), N(y))

2

)
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3.3 THE CASE c = e, e 6= 0, 1

As proved in Proposition 3, when dealing with aggre-
gation functions with a neutral element e ∈]0, 1[ it
appears that A(x,N(x)) = e for all x ∈]0, 1[ is equiv-
alent to A(x,N(x)) = xN for all x ∈]0, 1[. Hence, the
results given in Proposition 3 also apply here: only av-
eraging and mixed aggregation functions with neutral
element e = xN can be considered, and a wide family
of functions in this class satisfying A(x,N(x)) = e for
all x ∈]0, 1[ is given by those which are commutative
and N -self-dual.

Remark 6 Note that the satisfaction of A(x,N(x)) =
e for any x ∈]0, 1[ is equivalent to the fact that all the
tuples (x,N(x)) are neutral tuples (see [1]) for the
aggregation function A.

Within the class of averaging functions, the two fol-
lowing functions are, respectively, the weakest and the
strongest satisfying A(x,N(x)) = e for any x ∈]0, 1[:

A(x, y) =

 Min(x, y) if y < N(x),
Max(x, y) if x, y ≥ e,
e otherwise.

and

A(x, y) =

 Min(x, y) if x, y ≤ e,
Max(x, y) if y > N(x),
e otherwise.

The next proposition provides a means for building
commutative N -self-dual aggregation functions with a
neutral element e = xN that, as stated in Proposition
3, satisfy A(x,N(x)) = e:

Proposition 7 Given a strong negation N = Nϕ and
a commutative aggregation function B with neutral el-
ement xN , the following construction provides aggre-
gation functions with neutral element xN satisfying
A(x,N(x)) = xN for any x ∈ [0, 1]:

A(x, y) = ϕ−1

(
ϕ(B(x, y)) + 1− ϕ(B(N(x), N(y)))

2

)

The most popular aggregation functions with a neutral
element e ∈]0, 1[ are those which are associative and
commutative, known as uninorms ([14]). Are there
uninorms satisfying A(x,N(x)) = e for all x ∈]0, 1[?
The next proposition shows that, among the most
important classes of uninorms, only one satisfies the
above equation.

Proposition 8 Let U : [0, 1]2 → [0, 1] be a uninorm
and let N be a strong negation.

1. If U is locally internal on [0, e]×[e, 1]∪[e, 1]×[0, e]
(i.e., it is U(x, y) ∈ {x, y} for any (x, y) in that
region), then it does not satisfy U(x,N(x)) = e
for all x ∈]0, 1[.

2. If U is continuous on ]0, 1[2, then it satisfies
U(x,N(x)) = e for all x ∈]0, 1[ if and only if U is
a representable uninorm with generating function
u and N = Nu, where Nu = u−1 ◦ (−u).

Proof. Note first that e = xN is a neces-
sary condition for the satisfaction of U(x,N(x)) = e
for all x ∈]0, 1[ (choosing x = e the equation pro-
vides N(e) = e, which entails e = xN due to the
uniqueness of the strong negation’s fixed point). This
means that any couple (x,N(x)) belongs to the region
[0, e]× [e, 1] ∪ [e, 1]× [0, e]. Then:

1. If U is locally internal, U(x,N(x)) ∈ {x,N(x)},
and hence U(x,N(x)) 6= e for any x 6= e.

2. The structure of ]0, 1[-continuous uninorms given
by Hu and Li in [7] proves that, unless U is a
representable uninorm, there is always a value
0 < k < e such that the output of U on the region
[0, k] × [k, 1] ∪ [k, 1] × [0, k] coincides either with
the minimum or with the maximum, and is, hence,
different from e. Now, if U is a representable uni-
norm, then it is well-known that it may be written
(see e.g. [5]) as U(x, y) = u−1(u(x)+u(y)) for any
(x, y) ∈ [0, 1]2\{(0, 1), (1, 0)}, where u : [0, 1] →
[−∞,+∞] is a strictly increasing bijection such
that u(e) = 0. Then the equation U(x,N(x)) = e
is clearly equivalent to N = Nu.

Remark 9 Note that the class described in the first
item of Proposition 8 includes well-known uninorms,
such as idempotent uninorms or uninorms in the
classes Umin and Umax (those obtained when choos-
ing, respectively, Min and Max in the region [0, e] ×
[e, 1] ∪ [e, 1] × [0, e]). Observe in addition that the re-
sult regarding representable uninorms (Proposition 8,
item 2) could have been obtained, alternatively, from
the fourth item in Proposition 3, since representable
uninorms are self-dual, except at the points (0, 1) and
(1, 0), with respect to their associated negation Nu (see
e.g. [5]).

3.4 THE CASE c = a, a 6= 0, 1

When dealing with aggregation functions possessing
an absorbing element a ∈]0, 1[, both conjunctive and
disjunctive functions are to be discarded (since they
have absorbing elements 0 and 1, respectively) and
the following may be stated:
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Proposition 10 Let A be an aggregation function
with absorbing element a ∈]0, 1[ and let N be a strong
negation with fixed point xN .

1. If a = xN , A satisfies equation (1) with c = a.

2. A satisfies equation (2) with c = a if and only if
A(x, y) = a ∀(x, y) ∈]0, 1[2.

Proof. The first item is a consequence of item 3 in
Proposition 3; the second one is a matter of calcula-
tion.

Let us focuss on the class of nullnorms ([10, 3]), the
most important aggregation functions with an absorb-
ing element. Recall that nullnorms are aggregation
functions V : [0, 1]2 → [0, 1] which are associative,
commutative and possess an element a ∈]0, 1[ such
that for any x ∈ [0, 1], it is V (x, 0) = x if x ≤ a and
V (x, 1) = x if x ≥ a. Nullnorms have absorbing el-
ement a, they behave as a t-conorm in [0, a]2 and as
a t-norm in [a, 1]2, and verify V (x, y) = a otherwise.
They have the following structure (where T is a t-norm
and S is a t-conorm):

Va,T,S(x, y) =


a · S( x

a
, y

a
), if x, y ≤ a

a + (1− a) · T ( x−a
1−a

, y−a
1−a

), if x, y ≥ a

a, otherwise

Proposition 11 Let Va,T,S be a nullnorm and let N
be a strong negation with fixed point xN .

1. Va,T,S satisfies equation (1) with c = a if and only
if one of the following conditions holds:

(a) xN = a

(b) xN < a and

S(u, v) = 1 ∀u ≥ N(a)
a

, ∀v ≥ N(ua)
a

.

(c) xN > a and

T (u, v) = 0 ∀u ≤ N(a)−a
1−a

, ∀v ≤ N(a+(1−a)u)−a
1−a

.

2. Va,T,S satisfies equation (2) with c = a if and only
if T and S are, respectively, the drastic t-norm
and the drastic t-conorm.

Remark 12 Note that cases (b) and (c) in Propo-
sition 11 pose the problem of the Nα-annihilation of
t-conorms and t-norms, a generalization of the N -
annihilation problem (see e.g. [8]). Indeed, focussing
on (c) (the problem for t-conorms is dual), and denot-
ing α = N(a)−a

1−a and Nα(u) = N(a+(1−a)u)−a
1−a , condi-

tion (c) may be equivalently written as

xN > a and T (u, v) = 0 ∀u ≤ α,∀v ≤ Nα(u)

where Nα : [0, α]→ [0, α] is a strong negation on [0, α].

4 CONCLUSIONS

This paper has proposed a simple preliminary ap-
proach for studying the behavior of bivariate aggrega-
tion functions when receiving contradictory informa-
tion. The existence of aggregation functions satisfying
equations (1) and (2) has been investigated, taking
into account the four different categories in which ag-
gregation functions may be classified, as well as the
most important distinguished values for the constant
c (see tables 1 and 2 for a summary). Whenever pos-
sible, concrete examples of aggregation functions sat-
isfying equations (1) and (2) have been provided.

Table 1: Existence of aggregation functions satisfying
A(x,N(x)) = c ∀x ∈]0, 1[

Conj. Disj. Aver. Mix.
c = 0 X × × X
c = 1 × X × X

c = xN × × X
(any if xN = a)

c = e
6= 0, 1 × × X

(only if e = xN )

c = a
6= 0, 1 × × X

(any if a = xN )

Table 2: Existence of aggregation functions satisfying
A(x,N(x)) = c ∀x ∈]0, 1[, ∀N ∈ N[0,1]

Conj. Disj. Aver. Mix.
c = 0 X × × X
c = 1 × X × X
c = xN × × × ×
c = e
6= 0, 1 × × × ×

c = a
6= 0, 1 × × × X
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