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Abstract

This paper proposes a new approach of mea-
sure of specificity for interval-valued fuzzy
sets. It is showed a general expression of
specificity which generalize the linear mea-
sure of specificity of Yager. Some examples
are proposed.
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1 Introduction

Interval-valued fuzzy sets (IVFS) were introduced in
the 60s by Grattan-Guinness [7], Jahn [8], Sambuc
[9] and Zadeh [12]. They are extensions of classical
fuzzy sets where the membership degree of the ele-
ments on the universe of discourse (between 0 and 1)
is replaced by an interval in [0, 1]× [0, 1]. They easily
allow to model uncertainty and vagueness generaliz-
ing the fuzzy sets. Sometimes it is easier for experts
to give a ”membership interval” than a membership
degree to objects on a universe. IVFS are a special
case of type-2 fuzzy sets that simplifies the calculations
while preserving their richness as well.

Fuzzy sets are a good tool to model imprecision due
to vagueness. IVFS can also measure the imprecision
due to uncertainty.

The concept of specificity provides a measure of the
amount of information contained in a fuzzy set. It
is strongly related to the inverse of the cardinality of
a set. Specificity measures were introduced by Yager
[10, 11] showing its usefulness as a measure of tranquil-
ity when making a decision. The output information
of expert systems and other knowledgebased system
should be both specific and correct to be useful.

Specificity for fuzzy sets has been widely analyzed in
[3, 4, 5].

2 Preliminaries

Let X = {a1, ..., an} be a finite set.

Definition 2.1 A fuzzy set µ on X is normal if there
exists an element x ∈ X such that µ(x) = 1

Definition 2.2 [11] Let [0, 1]X be the set of fuzzy sets
on X. Let aj be the jth greatest membership degree of
µ. A measure of specificity is a function Sp:[0, 1]X →
[0, 1] such that:

• Sp(µ) = 1 if and only if µ is a singleton.

• Sp(∅) = 0

• – ∂Sp(µ)
∂a1

> 0

– ∂Sp(µ)
∂aj

≤ 0 for all j ≥ 2

Definition 2.3 [11] Let [0, 1]X be the set of fuzzy
sets on X. A weak measure of specificity is a function
Sp:[0, 1]X → [0, 1] such that:

• Sp(µ) = 1 if and only if µ is a singleton.

• Sp(∅) = 0

• If µ and η are normal fuzzy sets in X and µ ⊂ η,
then Sp(µ) ≥ Sp(η).

Definition 2.4 Let Sp and Sp′ be two measures of
specificity. Sp is more strict than Sp′, denoted by Sp ≤
Sp′, if for all set, µ, it verifies: Sp(µ) ≤ Sp′(µ).

Yager indroduced [11] the linear measure of specificity
on a finite space X as:

Sp−→w (µ) = y1 −
∑n
j=2 wjyj
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where yj is the jth greatest membership degree of µ
and {wj} is a set of weights verifying:

• wj ∈ [0, 1]

• Σnj=2wj = 1

• {wj} is not increasing.

Definition 2.5 [2] Let L= (L,≤L) be a lattice that
satisfies:

1. L = {[x1, x2] ∈ [0, 1]2 with x1 ≤ x2}.

2. [x1, x2] ≤L [y1, y2] if and only if x1 ≤ y1 and
x2 ≤ y2

Also by definition:

[x1, x2] <L [y1, y2] ⇔ x1 < y1, x2 ≤ y2 or
x1 ≤ y1, x2 < y2
[x1, x2] =L [y1, y2]⇔ x1 = y1, x2 = y2.

0L =L [0, 0] and 1L =L [1, 1] are the smallest and the
greatest elements in L respectively.

L is a complete lattice and the supremum and infimum
are defined as follows.

Definition 2.6 [1] Let {[vi, wi]} be a set of intervals
on L. Then

1. Infimum:
Meet{[vi, wi]} ≡ [infimun{vi}, infimun{wi}]

2. Supremum: Joint{[vi, wi]} ≡
[supremun{vi}, supremun{wi}]

Definition 2.7 [2] An interval-valued fuzzy set A on
a universe X can be represented by the mapping:

A = {(a, [x1, x2]) | a ∈ X, [x1, x2] ∈ L}

Definition 2.8 [2] Let X be a universe and A and B
two interval-valued fuzzy sets. The equality between A
and B is defined as: A =L B if and only if A(a) =L

B(a) ∀a ∈ X.

Definition 2.9 [2] Let X be a universe and A and B
two interval-valued fuzzy sets. The inclusion of A in to
B is defined as: A ⊆L B if and only if A(a) ≤L B(a)
∀a ∈ X.

Definition 2.10 [2] A negation function for interval-
valued fuzzy sets N is a decreasing function, N : L→
L, that satisfies:

1. N(0L) =L 1L

2. N(1L) =L 0L

If N(N([x1, x2])) =L [x1, x2] then N is called an invo-
lutive negation.

Definition 2.11 A strong negation function for
interval-valued fuzzy sets, N , is a strictly decreasing
and involutive function, N : L→ L, that satisfies:

1. N(0L) =L 1L

2. N(1L) =L 0L

Example 2.1 Let N be the involutive mapping de-
fined by :

N : L→ L
N([x1, x2]) =L [1− x2, 1− x1]

Then N is a negation operator for interval-valued
fuzzy sets. It is trivial to prove that: N(0L) =L 1L,
N(1L) =L 0L and N(N([x1, x2])) =L [x1, x2].

3 Specificity for Interval-valued Fuzzy
Sets

Definition 3.1 An operator f : [0, 1]2 → [0, 1] with
x ≤ y is called transformation operator if it is contin-
uous, increasing and verifies:

1. f(1, 1) = 1

2. f(0, 0) = 0

3. f(0, x) > 0 for all x ∈ (0, 1]

4. f(x, 1) < 1 for all x ∈ [0, 1)

Definition 3.2 Let µ be an interval-valued fuzzy set
on X and let µ(aq) = [x1q

, x2q
] be its membership in-

tervals. Let f be a transformation operator. Then, the
f-list of µ is the set of all the membership intervals of
elements of X, ordered through the operator f , that is,
[x, y] ≤f [z, t] if and only if f(x, y) ≤ f(z, t):

Definition 3.3 An interval-valued fuzzy set µ on X
is a singleton if there exists an element ai ∈ X such
that µ(ai) = 1L and µ(aj) = 0L (for all j 6= i) for the
others.

Definition 3.4 Let ([0, 1]2)X be the set of interval-
valued fuzzy sets on X. Let f be a transformation op-
erator. Let {[x1q , x2q ]} for all q = 1..n be the f-list of
µ. A f-measure of specificity for interval-valued fuzzy
sets is a function Spf : ([0, 1]2)X → [0, 1] such that:
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• Spf (µ) = 1 if and only if µ is a singleton.

• Spf (∅) = 0.

• If [x11 , x21 ] increases (according to ≤L) then
Spf (µ) increases.

• If [x1q
, x2q

] increases (according to ≤L) then
Spf (µ) decreases for all q : 2..n.

Definition 3.5 An interval-valued fuzzy set µ on X
is normal if there exists an element a ∈ X such that
µ(a) = 1L

Definition 3.6 [6] Let ([0, 1]2)X be the set of interval-
valued fuzzy sets on X. A weak measure of speci-
ficity for interval-valued fuzzy sets is a function
Sp:([0, 1]2)X → [0, 1] such that:

• Sp(µ) = 1 if and only if µ is a singleton.

• Sp(∅) = 0

• If µ and η are normal fuzzy sets in X and µ ⊆L η,
then Sp(µ) ≥ Sp(η).

Lemma 3.1 If Spf is a f-measure of specificity for
interval-valued fuzzy sets then Spf is a weak measure
of specificity for interval-valued fuzzy sets.

Proof
Let {[x1q

, x2q
]} and {[y1q

, y2q
]} for all q = 1..n be the f-

list of µ and η respectively. If µ and η are normal and
µ ⊆L η then [x1q , x2q ] ≤L [y1q , y2q ] for all q = 2..n.
According to the fourth axiom of the definition 3.4
Spf (µ) ≥ Spf (η).

Theorem 3.1 Let f be a transformation operator and
{αi} a set of weights that satisfies:

• αj ∈ [0, 1]

• Σnj=2αj = 1

• {αj} is not increasing.

Let T , T ′, S and N be, two t-norms, a t-conorm and a
negation (in [0,1],≤) respectively. Let [x1q

, x2q
] be the

f-list of an interval-valued fuzzy set µ. Then, the next
expression is a f-measure of specificity for interval-
valued fuzzy sets:

Spf (µ) = T (f(x11 , x21 ), N(S(T
′
(α2, f(x12 , x22 ))), ..., T (αn, f(x1n , x2n )))))

This expression is a generalization of the t-norm based
measure of specificity given in [3] but extended for
IVFS.

Proof

1. Spf (µ) = 1 if and only if µ is a singleton:

• If µ is a singleton then [x11 , x21 ] = [1, 1]
and [x1k

, x2k
] = [0, 0] for all k > 1. Then

f(x1, x2)1 = 1 and f(x1, x2)k = 0 for all
k > 1.

• If Spf (µ) = 1, it is necessary that
f(x1, x2)1 = 1 and

S(T (α2, f(x1, x2)2)), ..., T (αn, f(x1, x2)n) = 0

Then T (αk, f(x1, x2)k)) = 0 for all k and
f(x1, x2)k = 0 for all k.

2. Spf (∅) = 0: trivial.

3. Trivial due to the fact T , T ′ and S are monotonic.

Example 3.1 With T (a, b) = Max{0, a+ b− 1},
N(a) = 1− a,
S(a, b) = Min{1, a+ b},
T ′(a, b) = a ∗ b and f(x, y) = x+y

2 , it is obtained:

Sp(µ) =
1
2

(x11 + x21)−
n∑
j=2

αj(x1j
+ x2j

)

Example 3.2 With T (a, b) = Max{0, a+ b− 1},
N(a) = 1− a,
S(a, b) = Min{1, a+ b},
T ′(a, b) = a∗b and f(x, y) = α∗x+β∗y with α+β = 1,
it is obtained:

Sp(µ) = α ∗ x11 + β ∗ x21 −
n∑
j=2

αj(α ∗ x1j
+ β ∗ x2j

)

Example 3.3 With T (a, b) = Max{0, a+ b− 1},
N(a) = 1− a,
S(a, b) = Min{1, a+ b},
T ′(a, b) = a ∗ b and f(x, y) = x ∗ y, it is obtained:

Sp(µ) = x11 ∗ x21 −
∑
k>1

αk ∗ x1k
∗ x2k

Those examples 3.1, 3.2 and 3.3 are extensions of R.
Yager’s linear measure of specificity [11] for IVFS.

4 Conclusions and future work

An approach of measures of specificity of interval-
Valued fuzzy sets is given. it is based on the R. Yagers
concept of measure of specificity as a measure of in-
formation that evaluates a degree of usefullness of in-
formation contained on a fuzzy set in order to make a
decision.

A general expression of measures of specificity of
interval-Valued fuzzy sets is given using t-norms, t-
conorms a negation and a new proposed transforma-
tion operator in its definition, and some examples of

ESTYLF 2010, Huelva, 3 a 5 de febrero de 2010

XV Congreso Español Sobre Tecnologías y Lógica Fuzzy 323



this expression are provided using different connectives
and different transformation operators.

Acknowledgements

This research is partially supported by the Spanish
Ministry of Science and Technology, grant number
TIN2009-07901, the Research Group CAM GR58/08
at Complutense University of Madrid.

References

[1] C. Cornelis, G. Deschrijver, and E. Kerre. Ad-
vances and challenges in interval-valued fuzzy
logic. Fuzzy Sets and Systems, 157(5):622–627,
2006.

[2] C. Cornelis, G.Deschrijver, and E. Kerre. Impli-
cation in intuitionistic fuzzy and interval-valued
fuzzy set theory: construction, classification, ap-
plication. Int. J. Approx. Reasoning, 35(1):55–95,
2004.

[3] L. Garmendia, R.R. Yager, E. Trillas and A. Sal-
vador. On t-norms based specificity measures.
Fuzzy Sets and Systems, 133(2):237–248, 2003.

[4] L. Garmendia, R.R. Yager, E. Trillas and A. Sal-
vador. General measures of specificity of fuzzy
sets under t-indistinguishabilities. IEEE Trans-
actions on Fuzzy Systems, 14(4):568–572, 2006.

[5] L. Garmendia, R.R. Yager, E. Trillas and A. Sal-
vador. A t-norm based specificity for fuzzy sets on
compact domains. International Journal of Gen-
eral Systems, 35(6):687–698, 2006.
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