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Whv Hamilkownian approa&h?

® QFT: functional integral approach
e perturbation theory
® Jattice gauge theory

o QM: solving the Schrbdinger equation is much
simpler and more efficient than calculating the
functional integral, see e.g. hydrogen atom

® non-perturbative continuum QFT:

® Hamiltonian approach is very efficient!



Qutline

introduction

basics of the Hamiltonian approach to QCD in Coulomb gauge
results for YMT at T=0

comparison with the lattice

® gluon & ghost propagators

® Coulomb string tension

quark sector of QCD

finite temperature by compactification of a spatial dimension

® Polyakov loop

® chiral & dual quark condensate

conclusions



cartesian coordmate s A, (x)

momenta I1%(x)=85/8 4" (x)=E"(x)
IT;(x)=0 Weyl gauge : A4;(x)=0

H=1 j d*x(I1%(x) + B (x))

quantization: [T/ (x)=0/i0A(x)

GauR law: DIV = meP

residual gauge invariance U(X): Y(4")=Y(4)

H. Reinhardt Hamiltonian approach to QCD 5




0A =0, A=A"
edspace (W |®) = [ DAL (A )Y (4 )D(A")
Faddeev-Popov J(A") = Det(—Do)
[M=I1"+1I1', TI"=8/idA"

Gauld law:

resolution of

Gauly’ law HH = —a(—Da)_lp, p — (_XJ_HJ_ + pm)

H. Reinhardt Hamiltonian approach to QCD 7




Hamidtonioww approacihv to-YMT
inv Coulomb-gaunge 0JA =0

H=}[( TUN+B)+H, T=§/i5A
Christ and Lee

J(A")= Det(—D9) D" =6%0+gf""A°

[ H,= %JJ‘lpj(_Da)‘l(_az)(—Da)‘Ip } Coulomb term

color charge density — p*=—f"ATI +p]

(9..Jw) = [ DAT (AW (A)..p(A)

HylA]=Ey[A]



Variational approach to YMT

B Gaussian ansatz,

W(A)=exp[ L [dxdyA(x)  A)]

D. Schutte 1984

A.Szczepaniak & E. Swanson 2002

C. Feuchter & H. R. 2004

® Greensite, Matevosyan,Olejnik,Quandt, Reinhardt, Szczepaniak, PRID83

H. Reinhardt Hamiltonian approach to QCD 11




Variational approach to YMT

B trial ansatz

1
Y(A)= —L | dxdyA A
( ) \/Det(—Da) eXp[ 2'[ XYALO (Y)}
(A(x)A(»)) = (2 )"
variational kernel determined from

<‘P‘H“P>%min

H. Reinhardt Hamiltonian approach to QCD 12




D. Epple, H. R., W.Schleifenbaum, PRD
oluon energy 75 (2007)

IR: w(k)~1/k Uv: w(k)~k

H. Reinhardt Hamiltonian approach to QCD 13




W’ (K)=k>+ x> (k)+.. ...

Ghost propagator (G 4)

(-D3Y")=d/(-A)

H. Reinhardt Hamiltonian approach to QCD




B ohost propagator ((-D3Y"Y=d I(-A)

B dielectric ,,constant*
0.7
0.6
0.5
0.4
H.R. PRL101 (2008)
B horizon condition:
8.001 0.01 0.1 1 10 100 1000
K k [GeV]
®QCD vacuum:
n
n

H. Reinhardt Hamiltonian approach to QCD 18




superconductor

condensate of
| N Cooper pairs

_-"-.,l." u"-,,.-"'
i W~ = - - =N
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- e ==
2%l type-II supercond. |

confinement of
magn. monopoles

dual superconductor

magnetic field E ; electric field
magnetic charge electric charge



B ohost propagator ((-D3Y"Y=d I(-A)

B dielectric ,,constant*
0.7
0.6
0.5
0.4
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n
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D,

1
o™
(T
S
|
b
N
R\

no free color charges in the vacuum: confinement

H. Reinhardt Hamiltonian approach to QCD 19




W’ (K)=k>+ x> (k)+.. ...

Ghost propagator (G 4)

(-D3Y")=d/(-A)

H. Reinhardt Hamiltonian approach to QCD




gluon energy o(p)=A/p” ghost form factor d(p)=B/ pB

assumptions:

a=23+2-d
d =73 a=1(0.6) B=1(0.8)

Hamiltonian approach to QCD 29

H. Reinhardt




D) =o)”'
O  MC p->M?p

— Fit Gribov
Ham. appr.

]
e
<

w(k)

(U5~

Pl (GeV)

G. Burgio, M.Quandt , H.R., PRL102(2009)

H. Reinhardt Hamiltonian approach to QCD 14




Variational approach to YMT with
non-Gaussian wave functional

lw| A|F=exp(=S| 4]

S[4]=[od +L [y +L [y 4

H. Reinhardt Hamiltonian approach to QCD 15




Corrections to the gluon propagator

I

lattice *
Gaussian functional - - - -
Non-Gaussian functional

H. Reinhardt Hamiltonian approach to QCD



lattice ghost form factor

N,=10
N, = 100
N, =1000 +—=—

%
¥
¥ IR-exponent

**% _ fixed at 0.5

VW

1
Ipl [GeV]

G. Burgio, M. Quandt, H. R. & H. Vogt, arXiv:1608.05795



gluon energy o(p)=A/p” ghost form factor d(p)=B/ pB

assumptions:

a=23+2-d
d =73 a=1(0.6) B=1(0.8)

Hamiltonian approach to QCD 29

H. Reinhardt




Coulomb gauge fixing on the lattice & Gribov copies

F’|g]= ZRetr[Uig(t,X)] — max

continaanm.! Tr(A%A®) — min

local maximum: first Gribov region
global maximum: fundamental modular region

bc: ,,best” Gribov copy: largest local maximum
= ,,best representative” of the global maximum!?

conntern example: U(1)-LGT on S*  de Forcrand & Hetrick

Sternbeck & Miiller-PreufRker, Maas,(Landau-gauge)

[ lc: ,,lowest” Gribov copy: lowest (n.t.)eigenvalue of the FP operator}

Cooper & Zwanziger: results closer to the continuum

G. Burgio, M. Quandt, H. R. & H. Vogt, arXiv:1608.05795



d(p)

Coulomb gauge fixing on the lattice & Gribov copies:
ghost form factor

best copy

CN=10
N, = 100
N, =1000 —s—

¥y
T

’*‘?W

'1
Ipl [GeV]

IR-exponent
fixed at 0.5



d(p)

Coulomb gauge fixing on the lattice & Gribov copies:

ghost form factor

best copy

N, =10
N, = 100

¥y
T

$$ﬁ“ﬂm“~.

—t

N, =1000 —s—

'1
Ipl [GeV]

IR-exponent
fixed at 0.5

d(p)

10

lowest copy

LS Y
S

>
v

* %Y

Nr:1b ————

N, = 100
N,=1000 +—o— ]

N,=10000 —&—

D
A4 d

g ?@QQ

1

Ipl [GeV]

IR-exponent

increases and
,saturates” near 1




Coulomb gauge fixing on the lattice & Gribov copies:
ghost form factor

100 , - e
: N=10 000 lc, =22 —t
Ic, =24 :
I bc, =22 ——
T bc,=24 ——
10} B |
= [
-1
v
1} |
0.1 1 10



Coulomb gauge fixing on the lattice & Gribov copies:
gluon propagator

1.6 .
bc —+—
14 +

1.2 ¢

08 r
06 r

D(p)/p [1/GeV?]

04 r
0.2

O 05 1 15 2 25 3 35
Ipl [GeV]

FIG. 6. The gluon propagator for the Bl lattice with the bc
and the lc-approach from 1000 trials. The solid line 1s a fit
to the Gribov formula [14) [15]. The choice of Gribov copy
apparently makes no visible difference.




YM Homidltoniowv inv oA =0

T — %J(]‘1HJH+B2)+HC M=5/i5A

Christ and Lee

J(AT)= Det(—D9) D =0%o+gf A"

[ H.=1 j J'pJ(=D9) ' (=9°)(=Dd) ' p } Coulomb term

color charge density p*=—f"ATI +p;,



YM Homidltoniowv inv oA =0

T — %J(]‘IHJH+82)+HC M=5/i5A

Christ and Lee

J(AT)= Det(—D9) D =0%o+gf A"

[ H, = %J.J‘lpJ(—DB)_l(—82)(—D8)_1p } Coulomb term

color charge density p*=—f"ATI +p;,

static quark pote nwtral

[ V(%= 3)=((x|(=D3) ' (=9*)(~D3d)"'|5)) J




[ Non-Abeliawnv Couloml- po{'e/nﬁ,wb}

V.(%,9) = (X|(=D9) "' (=9*)(=D3)|¥)

16 I I I I I

14

12 - .

10 _

8 _

6 _

4 - D. Epple, H. Reinhardt

o [ i W.Schleifenbaum,
_ PRD 75 (2007)

0 V()-Vo —— 7

” 1 1 1 Llnear{lt ——————

0 5 10 15 20 25 30

V(r)=—— o, lattice: 0.=2...30,,



Gribov"s confinement scenanie addumed:

horizon condition d”'(0) =0



Gribov"s confinement scenanie addumed:
horizon condition d”'(0) =0



Gribov"s confinement scenanie addumed:
horizon condition d”'(0) =0

-magnetic monopoles
dual superconductor



Gribov"s confinement scenanie addumed:
horizon condition d”'(0) =0

-magnetic monopoles
dual superconductor
-center vortices



Center Vortices

SU(N) center Z(N) z,=€¢™"1,, k=0,1,.,N-1,

Wilsow loop [W[A](C)zPexp(i(ﬁA) }

C]
center vortex field [ w|[AC)](C,)=7" } ﬁ@

Gauss linking number L(C1,C2) @

now-trivial center element 7

SU(Z) center 2(2) z=1,—1 1% [A(Cl )](CZ) _ (_I)L(C1 Cy)



Q-Q-potential: SU(2)

3 | | | | ]
e vortex only, b=2.2
- vortex only, b=2.3 -
vortex only, b=2.4
2+ vortex only, b=2.5 —
vortex rem, b=2.2
u fit to vortex rem 4
o vortex rem, b=2.3
A 1 vortex rem, b=2.4 |
— o vortex rem, b=2.5
o | — fit to full |
8 fit to vortex only
> O [ (] ) |
1 —
_2 | | | | | | | | |
0 1 2 3 4 5
1/2
ro

O vortices O

K. Langfeld, H. R. & O. Tennert



Gribov scenario & center vortex picture

10
sVR —A—

ghost form factor

sU@R) o

d(p)

G. Burgio, M. Quandt,
H.R. & H.Vogt,
Phys. Rev.D92(2015)

p [GeV]

*elimination of center vortices: IR enhancement disappears
. horizon condition d7'(0)=0 7S lost



[ Non-Abeliawnv Couloml- po{'e/nﬁ,axb}

Ve(%,5)=(X|(=D3d) " (=9")(=D9)"'|y)

N — . —

7)-
Llnearof ffffffff

D. Zwanziger G_.=20,

lattice : .= 2...3(5W



Gribov scenario & center vortex picture

» Coulombr- potential 5
VR  — -
g cP e i i
G. Burgio, M. Quandet, 4 | Standard Y
H. R. & H. Vogt,
Phys.Rev.D92(2015) =3
o,
»Couloml- string tengion |
disappears after N
elimination of center
vovTtices ° 0 05 1 15 > 25 3 35
r[1/GeV]



[ Non-Abeliawnv Couloml- pofe/nﬁ,axb}

Ve(%,5)=(X|(=D3d) " (=9")(=D9)"'|y)

N — . —

D. Zwanziger G_.=20,

lattice : .= 2...3(5W

7)-
Llnearof ffffffff

0 05 1 1.5 2
T/T,

M. Engelhardt & H.R
Nucl.Phys.B585(2000)



elimination of spatial center vortices

>removes spatial string tension

>does not change temporal links
Polyakov loops & temporal string tension
are not affected



Gribov scenario & center vortex picture

10
sVR —A—

ghost form factor

su@)

d(p)

G. Burgio, M. Quandt,
H.R. & H.Vogt,
Phys. Rev.D92(2015)

p [GeV]

=elimination of spatial center vortices: IR enhancement disappears

. hovizon condition d'(0)=0 is lost



Gribov scenario & center vortex picture

1

*Coulomb potential Vo (p) = g2tr < (—b ' V) - (-7) (_b ' V) _1>

16

14 |

p4VC(p)/87'L'GW

12

10 |

lin(} p*V.(p)=8no,
p—

p* V(p)/(8noyy )
o

*Coulomb string tension disappears after spatial center vortex
removal



[ Non-Abeliawnv Couloml- pofe/nﬁ,axb}

Ve(%,5)=(X|(=D3d) " (=9")(=D9)"'|y)

N — . —

D. Zwanziger G_.=20,

lattice : c.=2..30,
G. Burgio, M. Quandet,

H. R. & H. Vogt
Phys.Rev.D92(2015)

7)-
Llnearof ffffffff

0 05 1 1.5 2
T/T,

explains finite temp
behaviour of O o



non-Abelian Coulomb potental at finite T

Y. Nakagawa, A. Nakamura, T. Saito, H. Toki, and D. Zwanziger,
Phys. Rev., D73:094504, 2006.

180 .
T=0, 128x32° S
160 FT=15T, 16x32° < — | y
_ 3 o R
140 | T=3.0 T, 8x32 —% A |
¥X @
a&*x 2l
o 120t xX o7 .
x X @
% _ X*Xx QV
o _ - 39
>o 80 - + o .
<« X w7
Q— 60 - % vvv N
X WVWVV
0o 239 -
- 4
i lim p™V.(p)=8mo
20 p—0
O 1 1 1 1 1 1
0 1 2 3 4 5 6 7

p [GeV]
G. Burgio, M. Quandt, H. R. & H. Vogt,
Phys.Rev.D92(2015)



Coulomb potential

Ve(r) [GeV]

5 :
T=0, 128x32° o
T=1.5T, 16x32° —o—

4 | T=30T,8x32%

3 -

2 »

]

0 i 1 1

0 1 3




conclusion:

-the Coulomb string tension is tied to the spatial
string tension, which is known to decouple from

the temporal string tension in the deconfinement
phase transition

-explains the temperature behaviour of the
Coulomb string tension
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J

Wilson loop W[A](C)zPexp{i(f}A}
ovder pawrameter of confinement

exp(—oA(C)) confinement

(wialo)-{

exp(—kP(C)) deconfinement

area law = linearly rising potential
between otatic colon acharges

<W[A](C)> difficult to calculate in the continuum

theory due to path ordering



approximate calulation of the Wilson loop

V[GeV]

— Full potential
---- Perturbative potential

0.05

0.1

FIG. 7 (color online).

perturbative part.

0.15
L[fm]

0.2 0.25 0.3

(V-V, J[GeV]

0.9

0.1

M. Pak & H.R., Phys. Rev 80(2009)

0.8 I
0.7 I
0.6 I
0.5 I
0.4 I
0.3 I

0.2

| I | I | I | I | 1 |

0.05 0.1 0.15 0.2 0.25 0.3
L [fm]

Left-hand panel: The full static quark potential V(L) obtained from the full propagator (32) and the
perturbative potential me(L) obtained from the perturbative propagator (33). Right-hand panel: The full potential minus its



FIG. 7 (color online).

approximate calulation of the Wilson loop

M. Pak & H.R., Phys. Rev 80(2009)

V[GeV]

| L |

0ol -
08l —_
06]- -]

05 e .

(V-V, J[GeV]

0.4 s E

— Full potential
---- Perturbative potential —

03| e |
02 - . ‘:‘,/’." -

o1 -

| 1 | 1 | 1 0 1 | 1 | 1 | 1 | 1 | 1 |

0.05 0.1 0.15
L[fm]

0.2 0.25 0.3 0 0.05 0.1 0.15 0.2 0.25 0.3
L [fm]

Left-hand panel: The full static quark potential V(L) obtained from the full propagator (32) and the

perturbative potential me(L) obtained from the perturbative propagator (33). Right-hand panel: The full potential minus its
perturbative part.

ceater of the gauge groufs



t Hooft loop

y / , - |
@ VICOW(Cy)=Z"TW(COV(C)  Liinking mumber
Cl



t ' Hooft loop

@ V(Cl )W(Cz) - ZL(C] ’CZ)W(C2 )v(cl)

Z-center element
L-linking number

(v~ {

exp(—0A(C)) deconfinement
exp(—xkP(C)) confinement




t ' Hooft loop

y / , - |
@ VICOW(Cy)=Z"TW(COV(C)  Liinking mumber
Cl

<V ( C)> 5 exp(—0A(C)) deconfinement
{ exp(—xkP(C)) confinement

4 N\
V(C)= exp{ij A(C)f[} [T, (x)=0/i0 A (x)

- J

continuum representation

H.R. Phys. Lett. B557(2003)

N

center vortex field [ wlAC)](C))= ZL(C“CZ)} /\OO




t ' Hooft loop

@ V(Cl )W(Cz) - ZL(C] ’C2)W(C2 )v(cl)

Z-center element
L-linking number

<V ( C)> 5 { exp(—0A(C)) deconfinement

exp(—xkP(C)) confinement

continuum representation f

H.R. Phys. Lett. B557(2003)
N\

V(C)= exp{ij A(C)f[}

~

J

center vortex field

cevler vortex generator

[T (x)=0/i0 A/ (x)

[ WIAC)](C,) =21 j o

V(C)P(A)=F(A’+ A(C))



t ' Hooft loop

@ V(Cl )W(Cz) - ZL(CI ’C2)W(C2 )v(cl)

Z-center element
L-linking number

(v~ {

exp(—0A(C)) deconfinement

exp(—xkP(C)) confinement

continuum representation

H.R. Phys. Lett. B557(2003)

center vortex field

cevder vortex generotorv

/

o

V(C)= exp{ij A(C)f[}

~

J

QM:

[T (x)=0/i0 A/ (x)

{ WIAC)](C,) =21 j o

V(C)P(A)=F(A’+ A(C))

exp(iap)¥(x)=Y(x+a)



t ' Hooft loop

@ V(Cl )W(Cz) - ZL(C] ’C2)W(C2 )v(cl)

Z-center element
L-linking number

<V ( C)> 5 { exp(—0A(C)) deconfinement

exp(—xkP(C)) confinement

continuum representation f

H.R. Phys. Lett. B557(2003)

o

V(C)= exp{ij A(C)f[}

~

J

center vortex field

cevler vortex generator

Hamiltonian approach to YMT in Coulomb gauge:

[T (x)=0/i0 A/ (x)

Cwlace =]

V(C)P(A)=F(A’+ A(C))

perimeter law

H.R. & D. Epple, Phys. Rev.D76(2007)



The QCD Hamiltonian in Coulomb gauge

H,,=Hy,+H.-+H,

Q

gluonw part

H,, = %j(J*HJH +B?) [M=—i5/6A  J(A“)= Det(-Dd)
quark pout
H, = [¥')[ap+gA)+Bm ¥(x) & B Dirac matrices

Coulomb- termv
H.=1[1"p(-D3)"(-9*)(-Dd)™Ip
color chawrge density

p* =—F*A°TI° + P (x)t*"P(x)

H. Reinhardt 45




Hamiltonian approach to QCD
in Coulomb gauge

early attempts:

-only Coulomb term

-no coupling of the quarks to the Finger & Mandula
transversal gluons included Adler & Davis,
-too small quark condensate Alkofer& Amundsen

with quark-gluon coupling

M. Pak & H.R. Phys.Rev.D88(2013)

P. Vastag, H. R. & D. Campagnavri
Phys.Rev.D93(2016)

D. Campagnari , E. Ebadati, H.R. and P: Vastag,
arXiv:1608.06820, Pys.Rev.D, inpress



P. Vastag, H. R.

D. C '
quark wowe functional Phys.Rev.D93(2016)
(A|@), =exp| [Wi(sp+vorA+wpo-A)¥Y_ |0)

s,v,w — variational kernels o, [3 — Dirac matrices



P. Vastag, H. R.

D. C '
quark wowe functional Phys.Rev.D93(2016)
(A|@), =exp| [Wi(sp+vorA+wpo-A)¥Y_ |0)

s,v,w — variational kernels o, [3 — Dirac matrices

. Finger & Mandula
v=w =0: BCS—wave function Adler & Davis,

Alkofer & Amundsen



P. Vastag, H. R.

D. C '
quark wowe functional Phys.Rev.D93(2016)
(A|@), =exp| [Wi(sp+vorA+wpo-A)¥Y_ |0)

s,v,w — variational kernels o, [3 — Dirac matrices

. Finger & Mandula
v=w =0: BCS—wave function Adler & Davis,

Alkofer & Amundsen

v#0,w=0: quark - gluon - coupling  Pak & Reinhardt,



quark wowe functional

(A|@), =exp| [Wi(sp+vorA+wpo-A)¥Y_ |0)

s,v,w — variational kernels o, 3 — Dirac matrices

>caleulate <Hece> up to 2 Loops

> variation w.rt. S, V, W
v(p.g)=f,[s.0]  wp.g)=f,[s5.0]

[ s(p)= f,[s,v,w; p] } gaf equation




cancellation of UV -divergencies

(A|@), =exp| [Wi(sS+ver-A+who AW |0)

divergent Loop contributions to the gap equation

> Rernel V

Cr
1672

¢2S(k) [—QA +kn % (—% + 4P(k)>]

> Rernel W

@% 1;1“;2 925 (k) le + kln% (13—0 - 4P(k)>]

> Coulomb term V.




P. Vastag, H. R.

D. Campagnari
quawk wave functional Phys.Rev.D93(2016)

(A|@), =exp| [Wi(sp+vorA+wpo-A)Y_ |0)
s,v,w — variational kernels o, 3 — Dirac matrices
ruumericold calcudation

D. Campagnari , E. Ebadati, H.R. and P: Vastag,
arXiv:1608.06820,PRD, in press

pat: )= [ M = 0.88Ge)

lattice: O . =2.50 G. Burgio, M.Quandt , H.R,,
“ PRL102(2009)

choose g to reproduce <§q> =(-235MeV) = go=2.1



vector form factorsy v, w

Vaw(]_jl’l_j2) :

0.4

0.0

p::‘ﬁl‘:‘ﬁZ

y & — COS{(ﬁpﬁz)

0.2
0.1 W [1/GeV]

0.0



011

0.01 |

0.001 |

0.0001 ‘ Couphng included

. Without coupling ———- \

1e-05 —
0.01 0.1 1

p [GeV]

-quark-gluon coupling wmodifies only the
mid- and high-momentum regime

-low-momentum regime is dominated by
Coulomb term



2ps(p)
M(p)= B
(p) () :
=

<§q>phen = (-235MeV)’

(qq),, =(-185MeVy’ 0.1~

> coupling to tranversal gluons substantially
inereases chiral symwmetry breaking

> no chiral symmetry breaking without the

Coulomb term

" Coupling included
- Without coupling ——--

Numerics

Numerics g = 0

p [GeV]




QCD at finite temperature:
grand canonical ensemble

® quasi-particle ansatz for the
density operator

® minimization of the
thermodynamic potential

YM sector:

Temperature T [MeV]

200F

+«——  3siaAluN Ajieg

Quarks and Gluons
Critical point?

/;'
>

Color Super-

Neutron stars  conductor?

Vi
7/

Net Baryon Density

Nuclei

H.Reinhardt, D.Campagnari & A. Szczepaniak, Phys.Rev.D84(2011)
J.Heffner, H#.Reinhardt & D.Campagnari, Phys.Rev.D85(2012)




Alternative Hamiltonian approach to
finite temperature QFT

H. R. arXiv:1604.06273
Phys.Rev.D94(2016)045016

no ansatz for the density matrix required

motivation: Polyakov loop

[ P[AO]()?)zitrPexp{inono(xo,?c)} }

® <P[Ao]> order parameter of confinement
Hamiltonian approach
® Weyl gauge Ao=0

How to calculate the Polyakov loop in the Hamiltonian approach?



Finite temperature QFT

® compactification of (Euclidean) time

® bc  AL"=L/2)= AG"=-L/2) Bose fields L () ) SI(L) x R?
w(x"=L/2)=—y(x"=-L/2) Fermi fields

® temperature T =" | — oo
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® exploit the O(4)-invariance of the Euclidean Lagrangian

e  O(4)-rotation ¥ —->x Ao A’

X =x" Al A

® one compactified spatial dimension

® bc A(x’=L/2)= A(x’=-L/2) Bose fields
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Finite temperature QFT

® compactification of (Euclidean) time

® bc  AL"=L/2)= AG"=-L/2) Bose fields
w(x"=L/2)=—y(x"=-L/2) Fermi fields

® temperature T =" | = oo

® exploit the O(4)-invariance of the Euclidean Lagrangian
0 3
V=7
1 0
Vv =7

e  O(4)-rotation ¥ —->x Ao A’

X —=x" A=A

® one compactified spatial dimension

® bc: A(x>=1L/2)= A(x’=-L/2) Bose fields
w(x’=L/2)=—y(x’=-L/2) Fermi fields

® spatial manifold: R? XSI(L) / ()

)

Hamiltonian approach

temperature is now
encoded in one
,,Spatial “dimension
while , time* has
infinite extension
independent of the
temperature



Finite temperature QFT

® partition function
Z(L)= %im Trexp(—IH(L))= %imZ exp(—=IlE (L)) = %im exp(—IlE,(L))

® ground state energy E,(L)=1"Le(L)

® on the spatial manifold: ~ R*xS'(L) / () )




Finite temperature QFT

® partition function
Z(L)= %im Trexp(—IH(L))= %im Z exp(—=IlE (L)) = %im exp(—IlE,(L))

® ground state energy E,(L)= I’Le(L)
® on the spatial manifold: R*xS'(L) I3 () )
[
® pressure: p=-e(L)

® ecnergy density: | €=0[Le(L)]/dL—pde/du

® Dirac fermions with finite chemical potential

h=a p+fm—h+iua’



Relativistic Bose gas

. -1
® grand canonical ensemble T =L

3 1 2 2
jd n(p) n(p) = O(p)=+p*+m




Relativistic Bose gas

. -1
® grand canonical ensemble T =L

3 1 2 2
=3]d'p- n(p) (p)= o @@= +m

® energy density on R xS'(L)

e(L)=— szpl 2\/m +pl+a) W, =—
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Relativistic Bose gas

. -1
® grand canonical ensemble 7 =L

2

— 2 3 p — 1 — 2 2
P=2%[d I O e S Jp*+m

® energy density on R xS'(L)

1 I O
e(L)=EJd2pLZZ\/m2+pi+a)f W, =—

n=-—oo

JA=—1 lim [ drexp(-ta)
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® proper-time regularization T (L) Ao




Relativistic Bose gas

. -1
® grand canonical ensemble 7 =L

2

— 2 3 p — 1 — 2 2
P=3[d I O e S Jpt+m

® energy density on R xS'(L)

1 1<
e(L)=EJd2plz Y M +plrel  o,="=

n=-—oo

1 oo
. . VA = lim | drexp(—TA)
® proper-time regularization T(-1) A%U,[ 2

. k:oo . =
® Poisson resummation LY M=) §(x—27mn)

k=—o0 n=—oc0




Relativistic Bose gas

. -1
grand canonical ensemble 7 =L

2

— 2 3 p — 1 — 2 2
P=3[d I O e S Jpt+m

energy density on R?xS'(L)

1 1<
e(L)=EJd2plz Y M +plrel  o,="=

n=-—oo

1 oo
. . VA = lim | drexp(—TA)
® proper-time regularization T(-1) A%U,[ 2

. . k:oo . =
® Poisson resummation LY M=) §(x—27mn)

k=—o0 n=—oc0

oo

1 m\’
P=-e(L)= = > (n_L) K_,(nLm) modified Bessel function

n=—oo




Relativistic Bose gas

. -1
® grand canonical ensemble 7 =L

2

2 3 p — 1 _ 2 2
P=gjdpw(p)n<p> (p)= o @@= +m

® energy density on R?xS'(L)

1 I ¢
(L= [dp, - X ym’ +pl+a  o,===

n=—oo

JA=—1 lim j dTexp(-TA)

® proper-time regularization INCEIESSN
. . k=co . =
® Poisson resummation L 2 e = 2 S(x—2mn)
, k=—o0 n=—oco
J— — 1 N m o
P=—e(L)= oy _Z_, (%) K., (nfim) modified Bessel function

® massles bosons: m=0 ,
§(4)T4 . T T4
: —

T 90

Stephan — Boltzmann — law P=




massive bosons

w(p)=+p°+m’

P=—e(L)=-

27
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pressure of a massive relativistic Bose gas

- L

e(L)z%J.dsz%i\/m2+pi+ws a)nzzﬂ L () ) SI(L)XR3

-proper-time regularization

-Poisson resummation bol e -
-skip L-independent (div.) const. | .
0.7
1 &(mY N
szzt_j K—z(an) S 0.6 f
T n=1 I/lﬁ 8 05 }
'c::_ 04
a few terms are 03 |
sufficient to reproduce 02 | -
the result of the usual 01} | =1
grand canonical o LL : . . N=5 -
0 1 2 3 4 5

ensemble M




Relativistic Fermi gas

: R
® grand canonical ensemble 7 =L
’ 1

2 3 P _ . 2 2
P=%|d Py P P) D)= o(p)=+/p*+m

® energy density on R?xS'(L)

1 < 2n+1
e(L)=—2Jd2pLzz\/m2+pi+(a)n+i,u)2 W, = nL /4

® proper-time
® Poisson resummation

P=—e(L)= —% i cos[nL(% - iu)](%) K, (nLm)

Nn=—oo

® massles Dirac fermions: m=0

® analytic continuationfor ip —x ¥ -y COSUY) _ AT _ a7 4 2m20? —x*]
n=1 n

T 12727 15

1
[ / ' T* +21° T 1’ +,u4}




equivalence of both approaches:
analytic continuation

proper-time regularization A = 1 lim J' dtexp(—TA)
[(=3) A==

Poisson resummation 2 No,)= szf(z)Z exp(inlz)
analytic continuation for pu#0 Z(_)" COS(Tx) =—k| '+ 212 +x* |

, cos(nx)

IXx— X 2( )" 48[—gﬂ +2mx* —x ]

, = 7" 1 7 "
® Polylogarithm Li()=Y < _Li (—e")= dt
s(Z) Z] ns s( ) r( J. -

0

- _ncos(inx) 1
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QCD at finite T

Hamiltonian approach in Coulomb gauge on the partially
compactified spatial manifold
R*xS'(L) 0 )

RZ
variational solution of the Schrodinger equation for the vacuum

finite temperature QCD is fully encoded in its vacuum

. J. Heffner & H. R.
YMT at finite T Phys.Rev.D91(2015)

#. R. & J. Heffner,
Polyakov loop Phys.Rev.D88(2013)

dual guawrk condensate #. R. & P. Vastag

arXiv:1605.03740



The Polyakov loop -
order parameter of confinement

[ P[AO](JC’):dlrtrPexp{iJ.dono(xo,i)} }

7' =L O

Polyakov gauge d,A, =0, A, =diagonal

SU2):

PLA,1() = cos(+ Ay (F)L)

P[A,]— unique function of A,

alternative order parameters of confinement

(PIA®)  P[(4)]®)

(4y(3))

* F.Marhauser and J. M. Pawlowski, arXiv:0812.11144
* J. Braun, H. Gies, J. M. Pawlowski, Phys. Lett. B684(2010)262



Effective potential of the order parameter
for confinement

= background field calculation @ = {A,(X))— const, diagonal (Polyakov gauge)
= effective potential ela,] = min = a, = qa,

» order parameter <P[Ao]> Pla,]
"ordinary Hamiltonian approach assumes Weyl gauge A, =0

="0(4)-invariance

4 . . . . . h
"compactify (instead of time) one spatial axis to
a circle of circumference . and interprete [
L as temperature

J

"Hamiltonian approach on R’*xS'(L) I 0 )

—_

"compactify X;— axis «a = ae, ]

"calculate the effective potential



The gluon effective potential SU(Q2)

variational calculation in Coulomb gauge
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second order phase transition:

input : M =830MeV T.=269MeV

H. Reinhardt & J. Heffner,Phys.Rev.D88(2013)



The effective potential for SU(3)

SU(3)-algebra consists of 3 SU(2)-subalgebras
characterized by the 3 non-zero positive rooots

o =(1,0), (%%\/5) (%—% 3)

eyl al = Z €5y 2oy LA

o>0



The full effective potential for SU(3)

variational calculation in Coulomb gauge

9.9.0.90094
QRS
QK
'sQOOOOQ
NSO
'v?aoooo:
44444'40/0000000% \
WO
WX X)
WOCK XX X)
OWOOWXXX)
o::o::
A
.s“\\ XX

(

Y

(X
(XX
X

(X
(X
Sl

$14
....._3
Q)
0 W
OO
OO0
$ 4\

O
N
...
O

f

H. Reinhardt & J. Heffner,Phys.Rev.D88(2013)



Polyakov loop potential for SU(3)
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The Polyakov loop

I:,[amin]

Ferrrlmionen+éluonen ' Ferrﬁionen+é|uonen '
Gluonen / Gribov Formel 1F Gluonen / Gribov Formel
08 } 0.8 F
0.6 | — N
g 0.6
S,
o
04 04
0.2} oo |
O : o [ 1 1 L
0.2 0.8 . . . .
T 0 0.2 0.4 0.6 0.8

T/ T,

SU(2) SU(3)

J. Heffner, H. Reinhardt & P.Vastag, to be published



center symmetry

DECONFINEMENT PHASE TRANSION:

confined phase: center symmetry
deconfined phase: center symmetry broken

prototype: Polyakov loop

[ P[AO](?c):dlrtrPexp{iJ.dono(xo,f)} J




dual quark condensate
-dressed Polyakov loop

Gattringer, PRL. 97(2006)
Synatschke, Wipf, Wozar, Phys. Rev. D75(2007)

lattice: Bilgici, Bruckmann, Gattringer, Hagen, PR D77(2008)...
FRG: Braun, Haas, Marhauser, Pawlowski, PRL 106(201 1)
DSE: Fischer, Maas, Muller, Eur. Phys. ). 68(2010) ...

Hamiltonian approach:
H.R. & P. Vastag, arXiv:1605.03740




dual quark condensate
-dressed Polyakov loop

27

z, = J Lo ((@q),)  q(L)=e"q(0)
0
2. loopo winding n-times arcund the compact time axis
2, dressed Polyatoo loos Gattringer

PRL97(2006)
=

imaginary chemical potential : L= 7

2nn+@
L

compactified 3-axis potential : p,=Q +ilU=



Dual quark condensate in the
Hamiltonian approach in 0A=0
H.R. & P. Vastag, arXiv:1605.03740

21

3, = [ (@q),) q(B)=eq(0)

after Pocsdon nesummation

sin(nLp)  M(p)
nL \p*+M>*(p)

2N, ¢
Z — (— n+1 C
n ( ) 27_[2 g

effective quank mase M (p)

D. Campagnari , E. Ebadati,
H.R. and P: Vastag, A
arXiv:1608.06820 e T




quark condensate (@),




chiral & dual condensate

2353 [

1853 t

— () / =1 [MeV’]

Oc=250 (Tp),=168MeV  (T,.). =196 MeV



Conclusions

» Hamiltonian approach to QCD in Coulomb gauge at T=0

= Coulomb string tension - spatial string tension
" no chiral symmetry breaking without Coulomb confinement

*QCD at finite temperature
= compactification of a spatial dimension R>%xS!

= effective potential of the Polyakov loop
» deconfinement phase transition in YMT
» SU(2): 2.order
= SU(3): 1.order
= jnclusion of quarks:
= deconfinement phase transition is turned into a crossover

= pressure & energy density

= chiral & dual quark condensate



H. Reinhardt Hamiltonian approach to QCD 54







Conclusions

"variational approach to the Hamiltonian formulation
of YMT in Coulomb gauge

"Gribov-Zwanziger confinement scenario at work
"jnverse ghost form factor = dielectric function
"Coulomb string tension - spatial string tension

"connection to the alternative confinement pictures:
"magnetic monopoles
"center vortices

"Hamiltonian approach to finite temperature YMT
"grand canonical ensemble
=compactification of a spatial dimension R’ xS'
" effective potential of the Polyakov loop
= deconfinement phase transition
= SU(2): 2.order
= SU(3): l.order
" inclusion of quarks:
= deconfinement phase transition is turned into a crossover

" pressure



