
Chasing the Veneziano
ghost (in linear covariant
gauges)

DAVID DUDAL

KU Leuven Campus Kortrijk–KULAK, Belgium &
Ghent University, Belgium

NPQCD2016, Sevilla, 20/10/2016

In collaboration with C.P. Felix (KULAK), M.A.L. Capri, D. Fiorentini,

I.F. Justo, M.S. Guimaraes, B.W. Mintz, L.F. Palhares, A.D. Pereira,

S.P. Sorella (UERJ, Brasil), R.F. Sobreiro (UFF, Brasil), O. Oliveira and

P. Silva (UCoimbra, Portugal)



Overview

Topological susceptibility and the Veneziano ghost

The linear covariant gauge: some preliminaries

Veneziano ghost and Gribov copies?

Dealing with Gribov copies in linear covariant gauges

Outlook



D. Dudal 2 / 58

QCD with 3 light flavours (u,d , s)

I Theory enjoys an (almost) UV (3)×UA(3) symmetry.
I DχSB for the chiral (axial) U(3) (↔ dynamical quark mass

generation)
I Expected nonet of (almost) massless Goldstone modes (=

3 pions, 4 kaons, η, η′)
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Problem: the η′ mass
I The η′ particle is way too massive to be called the ninth

“almost Goldstone” boson as m′η ≈ 958 MeV
I Underlying reason: the corresponding U(1) chiral anomaly

∂µJ5
µ = − g2

32π2 Nf ε
µναβFµνFαβ ≡ −

g2

16π2 Nf FµνF̃µν ≡ −NfQ

so no a priori reason to talk about a Goldstone boson. Nonethe-
less, as

Q = ∂µKµ ,Kµ =
g2

16π2 εµνρσAa
ν

(
∂ρAa

σ +
g
3

f abcAb
ρAc

σ

)
is a total derivative, still possible to define a conserved (al-
beit gauge variant) current and associated chiral Ward iden-
tities. ⇒ still leading to (almost) Goldstonic poles etc. (see
Coleman, “Uses of Instantons” )

I More is needed!
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Instanton solution (’t Hooft)

I Instantons give zero modes for the Dirac operator.
(Ward identities, nontrivial windings, index theorema, etc.)

I One gets DχSB, but the Goldstone poles can only appear
in gauge variant correlation functions, not in gauge invariant
ones (“strengthening/cancelling Kogut-Susskind dipoles”).
Based on semiclassical tools, inherent problem of (diver-
gent) instanton sampling in the IR.

I Where does mη′ comes from?
Can be connected to U(1) violating higher-quark operators
(’t Hooft determinant). η′ should become massless (in the
chiral limit) when “instantons are turned off” (whatever that
means).
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Topological susceptibility
I Consider the topological charge density

Q =
g2

16π2 FµνF̃µν

(topological because
∫

d4xQ 6= 0 with Q = dK necessi-
tates nontrivial boundary conditions at infinity ∼ topological
content)

I

Topological susceptibility χ4 = lim
p2→0

〈QQ〉

Highly nontrivial to get χ4 6= 0. Can be (approximately)
computed in lattice gauge theory at small/large N (e.g. Del
Debbio, Giusti, Pica, PRL94 (2005); Cè, Garcı́a Vera, Giusti, Schaefer,
PLB762 (2016)). Characterizes the topological nature of the
QCD (YM) vacuum.



D. Dudal 6 / 58

The QCD vacuum

Leinweber et al (Adelaide group)
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Topological susceptibility via θ-vacuum

I Q can be coupled to action via

SQCD → SQCD +
∫

d4xiθQ

I If there are massless fermions, θ → 0 by an anomalous
chiral U(1) rotation

I

χ4 =
∂2Evac

∂θ2

I Thus also χ4 = 0 in presence of massless flavour(s)
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Large N solution

I Veneziano and Witten, using large N formulation, provided

m2
η′ ≈

4Nf

f 2
π

χ4,Nf=0
θ=0 ∼ 1

N

I Very intricate formula, since lhs refers to QCD (with flavours),
rhs to pure gauge theory.
χ4 6= 0 can explain size of mη′ and thus explain there is no
U(1) problem.
Unfortunately, no recipe to compute χ4. But relationship
can be tested, with satisfactory comparison, via lattice, see
e.g. Del Debbio, Giusti, Pica, PRL94 (2005). It can also be in-
corporated in DSE meson studies, e.g. Bhagwat, Chang, Liu,
Roberts, Tandy, PRC76 (2007) 045203.
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Instantons vs. large N resolution

I No instantons in Veneziano-Witten picture. In ’t Hooft pic-
ture, most important ingredient?

I Naive instanton extrapolation (at large N)

m2
η′ ∼ e−N vs. m2

η′ ∼
1
N

So sometimes stated that instantons are irrelevant for large
N dynamics.
Though, instanton calculus plagued by IR problems, so ex-
trapolation not reliable. In cases where it is (finite volume),
large N and instanton result do agree. Marino, “Instantons and
Large N : An Introduction to Non-Perturbative Methods in Quantum Field
Theory”.
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A subtlety
I

χ4 = lim
p2→0

〈QQ〉p =
∫

d4x 〈Q(x)Q(0)〉

makes no sense as it stands, as 〈QQ〉 needs additive sub-
tractions (Q itself is RG invariant in pure gauge theory)

〈QQ〉p = a0 + a1p2 + a2p4 + p6
∫

ρ(t)dt
(t + p2)t3

I Freedom of subtraction constants in absence of low energy
theorems⇒ freedom of χ4? (see later).

I Seiler, PLB525 (2002) questions the derivation of Witten-Veneziano
(not the result). Rather, subtraction constant a0 is linked to
(assumed) dominance of) η′, then χ4 = a0.
Subtraction constants correspond to contact terms in x-space,
so accessible via continuum extrapolation of lattice data?
(see Horvath et al, PLBB617 (2005) for some evidence.)
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The Veneziano ghost

I By definition χ4 ≥ 0
I Since Q is t-odd (thanks to Levi-Civita), reflection positivity

implies Vicari, Panagopoulos, Phys. Rept. 470 (2009)

F (x) = 〈Q(x)Q(0)〉 < 0 , for |x | > 0,

(this corresponds to negative spectral function)

(Strong) positive contact term is indispensable to get χ4 > 0

〈Q(x)Q(0)〉 = F (x) + Cδ(x) , for |x | ≥ 0,

I How to control C (to some extent at least)?
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The Veneziano ghost

We also have

lim
p2→0

pµpν 〈KµKν〉 = −χ4 < 0

⇒ The (gauge variant!) correlator 〈KK〉 must have a zero mass
pole with wrong sign (= Veneziano ghost).

Veneziano ghost→ topological susceptibility

If we can describe the Veneziano ghost, we can describe the
topological susceptibility.
The ghost is not direcly accessible to a “standard” lattice gauge
theorist (gauge fixing).
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The Veneziano ghost: pro

Adopting now as definition

χ4 = − lim
p2→0

p2 〈KK〉

I This χ4 is the quantity appearing in anomalous chiral Ward
identities (Crewther, Riv. Nuovo Cim. 2N8 (1979))

I It coincides with the precise θ-definition of Witten (Meggiolaro,
PRD58 (1998) 085002)

I 〈KK〉 also requires a (double) subtraction, but p2 → 0 in
front will wipe out that freedom.
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The Veneziano ghost

Research plans

I Emerging project with Oliveira, Silva (UCoimbra) and new
PhD student to probe the Veneziano ghost using lattice Lan-
dau gauge configurations. (Costly) fermions are not needed
to access the relevant χ4.
A little more general, we also develop tools to probe the
spectral representation of such “unphysical” correlation func-
tion.

I Using non-perturbative gluon propagators, see if we can
set up a kind of moment extrapolation to get from (non-
perturbative) UV approximation to 〈KK〉 → “IR extrapola-
tion” with limp2→0 〈KK〉 6= 0? (∼ OPE + spectral sum rules
inspiration)
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The (perturbative) linear covariant gauge

The (Faddeev-Popov) gauge fixed action reads

SFP = SYM + s
∫

d4x
(

c̄a∂µAa
µ − i

α

2
c̄aba

)
= SYM +

∫
d4x

(
iba∂µAa

µ +
α

2
baba + c̄a∂µDab

µ cb
)

it implements the linear covariant gauge

∂A = −iαb

with nilpotent BRST symmetry s

sAa
µ = −Dab

µ cb , sca =
g
2

f abccbcc , sc̄a = iba , sba = 0 , s2 = 0
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The (perturbative) linear covariant gauge

The gluon propagator reads

〈Aa
µ Ab

ν〉p =

[(
δµν −

pµpν

p2

)
D(p2) +

pµpν

p2
α

p2

]
δab

I It holds to all orders that the longitudinal piece remains α
p2 .

Consequence of the Slavnov-Taylor identity (BRST) com-
bined with another Ward identity.
Intuitive understanding: gluon self energy (1PI sector) is
transverse due to BRST, so no coupling possible to longi-
tudinal (connected) sector of the propagator. (see also talk of
Papavassiliou)

I Feynman gauge α = 1 gives simple propagator ∼ δµν, at
least at tree level (α = 1 is no RG fixed point).
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The (non-perturbative) linear covariant gauge
I Faddeev-Popov procedure actually fails, since it tacitly as-

sumed there is a single solution to the gauge condition (to
implement the δ(gauge condition) in the path integral).
But A→ A+Dω (infinitesimal gauge transform) gives gauge
(Gribov) copies iff

−∂Dω = 0

i.e. if the FP operator has zero modes.
One must deal with these copies, just as in the Landau or
Coulomb gauge, in particular on lattice. In continuum: see
later.

I Dyson-Schwinger approach, see Aguilar, Papavassiliou, PRD77
(2008); Aguilar, Binosi, Papavassiliou, PRD91 (2015); Huber, PRD91
(2015).

I Lattice implementation, see Cucchieri, Mendes, Santos, PRL103
(2009); Bicudo, Binosi, Cardoso, Oliveira, Silva, PRD92 (2015).
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The (non-perturbative) linear covariant gauge

Why conceptually interesting?

Most studies so far are in Landau gauge. Interesting to search
for “common features” independent of α (or features specific to
the Landau gauge α = 0).

Studies of gauge invariant physical quantities as QCD phase
diagram (Polyakov loop), the spectrum, DχSB, etc always
necessitate at some point simplifying assumptions and/or
modelling.

Not so easy to fully appreciate gauge invariance if only one
gauge is used. Interesting opportunity to explicitly verify
(almost) α-independence of QCD observables.
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The (non-perturbative) linear covariant gauge

One thing everybody agrees upon

The longitudinal gluon propagator receives no quantum
corrections.

Cucchieri et al, SU(2) Bicudo et al, SU(3)
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Veneziano ghost from modified perturbation theory
Setup of Kharzeev, Levin, PRL114 (2015): Feynman gauge with tree
level gluon propagator Dµν(p2) =

δµν

p2

I Assume a new non-perturbative coupling Γµ between Veneziano

ghost and gluons, such that
I For

Γµ(q,p)Γν(q,p)q≤p ∝
−χ4

p2 δµν

one gets

〈KµKν〉q→0 =
∫ d4p

(2π)4 Γµ(q,p)
1
p2

1
(q − p)2 Γν(q,p) = −

χ4

q2 δµν
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Veneziano ghost from modified perturbation theory
I Resumming the corresponding self-energy corrections at

small momenta leads to

Dµν(p2) =
p2

p4 + χ4 δµν

Conclusion of Kharzeev-Levin
This is the Gribov propagator that cures the Gribov problem.
So, taking into account the QCD vacuum topology (χ4)
automatically also solves the Gribov gauge fixing ambiguity,
linking topology to confinement (violation of positivity by
complex conjugate (cc) poles of Gribov propagator). Interesting
idea, but. . .
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Intermezzo: positivity violation
I A physical (observable) particle’s propagator ought to obey

Källén-Lehmann (KL) spectral representation

D(p2) =
∫ +∞

0
dx

ρ(x)
x + p2 , ρ(x) ≥ 0

I Violation can be detected from (Schwinger) function

C(t) =
∫ +∞

−∞

dp
2π

eiptD(p2) =
∫ +∞

0
dyρ(y2)e−ty

C(t) ≥ 0 (reflection positivity)⇐ ρ(x) ≥ 0
(or from inflection point in D(p2))

I In presence of cc poles (see e.g. Rodriguez-Quintero’s talk)

C(t)��≥0

so no physical particle interpretation.
I Of course, KL itself is not possible for cc poles.
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Intermezzo: positivity violation

I cc poles are sufficient (but not necessary) for positivity vio-
lation.

I Lattice confirmation of positivity violation (independent of
favourite model)

Silva, Oliveira, Dudal, Bicudo, Cardoso, PoS QCD-TNT-III (2013).
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Intermezzo: positivity violation

I Ongoing challenge: probe the gluon (and ghost, quark) in
the complex momentum plane.
See also Frederico’s and Rodriguiz-Quintero’s talk.

I Even the “father” of massive gluons (Cornwall, PRD26(1982))
has a complicated complex structure.
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Veneziano ghost from modified perturbation theory
but. . . Dudal, Guimaraes, PRD93 (2016)

I Wrong behaviour of Kharzeev-Levin longitudinal propagator

Feyman gauge: Dµν(p2) =
p2

p4 + χ4 δµν

→ violation of (perturbative) BRST!
Perhaps longitudinal behaviour no more valid beyond per-
turbation theory? → lattice data immediately rules this out!
See also DSE work.

I It looks like the Gribov propagator, but in Landau gauge (Gri-
bov, NPB139 (1978); Zwanziger, NPB323 (1989). Not so clear why
this would be correct for general linear covariant gauge?
We shall soon see this is indeed not correct.
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Veneziano ghost from modified perturbation theory
But first, a counterexample to “vacuum topology↔Gribov copies/con-
finement” in Landau gauge (Dudal, Guimaraes, PRD93 (2016)).

I Assuming another effective vertex

1
(2π)4

∫
d4pΓαβ

µ Γρσ
ν

Pαρ(p)
p2

Pβσ(p− q)
(p− q)2 = −χ2

q2

qµqν

q2

with

Γαβ
µ (q,p) ∝ Xqµ(p− q)αqβ ; q ≤ p

X 2 =
−χ2

p2q2
1

(p− q)α(p− q)ρqβqσPαρ(q)Pβσ(p− q)

gives

〈KµKν〉q→0 = −χ4

q2

qµqν

q2

also sufficient to get the appropriate χ4.
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Veneziano ghost from modified perturbation theory
I The effective IR gluon self-energy then becomes

Σµν(p) ∝ pµpν

and this vanishes when contracted with the transverse Lan-
dau gauge gluon propagator, which would thus be not af-
fected by the QCD vacuum topology. Nonetheless, the Gri-
bov problem is very much there in Landau gauge.
Future strategy: (partial) lattice study of possible 〈KAA〉
vertex in Landau gauge. Would allow to translate non-trivial
vacuum topology to non-trivial interaction in a more control-
lable setup.
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Veneziano ghost from modified perturbation theory

I Interesting constraint on gauge variant correlator 〈KµKν〉

〈KµKν〉p =

(
δµν −

pµpν

p2

)
K⊥(p2) +

pµpν

p2 K‖(p
2)

from connection with gauge invariant correlator (Q = dK)

〈QµQν〉p = p2K‖(p2)

So the longitudinal projection ought to be gauge invariant,
thus powerful internal check when working with general α
(also for future lattice analysis).
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Treating the copy problem in Landau gauge: a short
survey

From Faddeev-Popov (FP) to Gribov-Zwanziger (GZ)

I A class of copies was related to zero modes of Faddeev-
Popov operatorM = −∂D

I Let us restrict path integral to region Ω where ∂A = 0 and
M > 0.

I Ω corresponds to local minima of the functional
∫

d4xA2
µ!

I ⇒ This is already an improvement of Faddeev-Popov!
I Compare with lattice where one seeks for (in theory) global

minima of
∫

d4xA2
µ

I How to implement restriction to Ω in continuum??? Work of
Gribov (leading order) and Zwanziger (all orders).
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The Gribov-Zwanziger action

I The Gribov-Zwanziger action is given by

Sh = SYM + Sgf + γ4
∫

d4x h(x)

with the (non-local) horizon function

h(x) = g2f abcAb
µ

(
M−1

)ad
f decAe

µ

with horizon condition (= gap equation to obtain γ2 ∝ Λ2
QCD)

〈h(x)〉 = d(N2 − 1)

I For γ = 0, everything reduces to Faddeev-Popov.
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The Gribov-Zwanziger action

I We replace the action with a local (equivalent) action

SGZ = SYM+GF + Sh

with
Sh =

∫
d4x

(
ϕac

µ ∂ν

(
∂ν ϕac

µ + gf abmAb
ν ϕmc

µ

)
−ωac

µ ∂ν

(
∂νωac

µ + gf abmAb
ν ωmc

µ

)
− g

(
∂νωac

µ

)
f abm (Dνc)b ϕmc

µ

−γ2g
(

f abcAa
µ ϕbc

µ + f abcAa
µ ϕbc

µ +
4
g

(
N2 − 1

)
γ2
))

I horizon condition (= gap equation)

∂Γ
∂γ2 = 0⇔

〈
gf abcAa

µ(ϕ + ϕ)bc
µ

〉
= 2d(N2 − 1)γ2︸ ︷︷ ︸

d=2 condensate!!
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The Gribov-Zwanziger action

Gribov-Zwanziger quantization

I The GZ formalism is a geometrically inspired path-integral
construction with good quantum properties (renormalizable
etc) that improves upon the standard FP quantization.

I Nice property: closely related to lattice formulation, as in
both cases minimization of

∫
A2 along the gauge orbit is

used to define the (a) non-perturbative Landau gauge.
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The Refined Gribov-Zwanziger action
I We included extra dynamical effects due to non-perturbative

d = 2 condensates (Dudal, Gracey, Sorella, Vandersickel, Ver-
schelde, PRD78 (2008)).

I Ghost propagator G(p2) ∼ 1
p2 for p2 ∼ 0.

I Gluon propagator

D(p2) =
p2 + M2

p4 + (M2 + m2)p2 + λ4

m2 and M2 are mass scales corresponding to condensates

m2 ∼ 〈A2〉 , M2 ∼ 〈ϕϕ−ωω〉
I Works pretty well to describe lattice data, with indeed 2 cc

poles. Corresponds to a massive gluon propagator, with
running mass (Dudal, Oliveira, Rodriguez-Quintero, PRD86 (2012))

D(p2) =
1

p2 +M2(p2)
, M2(p2) =

λ4 + m2M2

p2 + M2 +
m2p2

p2 + M2
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RGZ fits to gluon lattice data

Cucchieri, Dudal, Mendes,
Vandersickel, PRD85 (2012)
(SU(2))

Dudal, Oliveira,
Rodriguez-Quintero, PRD86
(2012) (SU(3))
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BRST symmetry in Gribov-Zwanziger formalism

I The standard BRST symmetry s is clearly broken when us-
ing (R)GZ:

sSGZ = gγ2
∫

d4x
(

f abcAa
µωbc

µ − (Dam
µ cm)(ϕbc

µ + ϕbc
µ )
)

I Without BRST, it is hard to “connect” different gauges (also
with Gribov problem) while maintaining gauge invariance (or
better said: gauge parameter independence).

I based on Dudal, Guimaraes, Sorella et al, PRD92 (2015); PRD93
(2016); PRD94 (2016) and work in progress.
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Preliminaries

I Consider A2-functional

Tr
∫

d4x Au
µAu

µ = Tr
∫

d4x
(

u†Aµu +
i
g

u†∂µu
)(

u†Aµu +
i
g

u†∂µu
)

and set v = heigω.
I Variation to identify minima:

2Tr
∫

d4x
(

ω∂µAh
µ

)
− Tr

∫
d4x ω∂µDµ(Ah)ω + O(ω3)

⇒ ∂µAh
µ = 0 & −∂µDµ[Ah] > 0

We recognize the Landau gauge and defining condition of
the Gribov region (positive FP operator).
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Preliminaries

I The “minimum configuration” can be solved for

Ah
µ = Aµ −

1
∂2 ∂µ∂A− ig

∂µ

∂2

[
Aν , ∂ν

∂A
∂2

]
− i

g
2

∂µ

∂2

[
∂A,

1
∂2 ∂A

]
+ ig

[
Aµ ,

1
∂2 ∂A

]
+ i

g
2

[
1
∂2 ∂A,

∂µ

∂2 ∂A
]
+ O(A3)

Ah is transverse and gauge invariant order by order.
I Observation: if ∂A = 0, A = Ah. More precisely

A = Ah + non-local power series in (A, ∂A)
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Rewriting GZ action

I

A = Ah + non-local power series in (A, ∂A)

I Consider GZ action with non-local horizon action H(A) =

g2
∫

d4xd4y f abcAb
µ(x)

[
M−1(x , y)

]ad f decAe
µ(y)

SGZ = SYM +
∫

d4x
(
b∂µAµ + c̄∂µDµc

)
+ γ4H(A)

= SYM +
∫

d4x
(
b∂µAµ + c̄∂µDµc

)
+ γ4H(Ah)− γ4R(A)(∂A)

= SYM +
∫

d4x
(

bh∂µAµ + c̄∂µDµc
)
+ γ4H(Ah)

with a new field bh

bh = b− γ4R(A)
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Identification of new BRST
I Introduce auxiliary fields to obtain

SGZ = SYM +
∫

d4x
(

bh∂µAµ + c̄∂µDµc
)

+
∫

d4x
(

φ̄M(Ah)φ− ω̄M(Ah)ω + γ2Ah(φ̄ + φ)
)

I This new (equivalent) GZ action in the Landau gauge enjoys
a nilpotent (unbroken) BRST symmetry

sγ2 = s + δγ2 , sγ2SGZ = 0

with
sAa

µ = −Dab
µ cb , sca =

g
2

f abccbcc , sc̄a = ba , sba = 0 ,

sφab
µ = ωab

µ , sωab
µ = 0 , sω̄ab

µ = φ̄ab
µ , sφ̄ab

µ = 0

δγ2 c̄a = −γ4Ra(A) , δγ2 ba = γ4sRa(A) ,

δγ2 ω̄ac
µ = γ2gf kbcAh,k

µ

[
M−1(Ah)

]ba
, δγ2 (rest) = 0



D. Dudal 40 / 58

Identification of new BRST

I Operator algebra

{s, δγ2} = s2 = δ2
γ2 = s2

γ2 = 0

and clearly, for γ2 → 0 (GZ→FP) we have sγ2 → s.
I γ2 is a physical parameter, as it does not couple to sγ2-exact

piece.
I Pretty non-local formulation. How to work with this?
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Generalization to linear covariant gauge (LCG)

We propose for the LCG the (by construction BRST invariant)
action

SFP = SYM + sγ2

∫
d4x

(
c̄a∂µAa

µ − i
α

2
c̄aba

)
+

∫
d4x

(
−ϕ̄ac

µ Mab(Ah)ϕbc
µ + ω̄ac

µ Mab(Ah)ωbc
µ + gγ2f abcAh,a

µ (ϕ̄ + ϕ)bc
µ

)
= SYM +

∫
d4x

(
iba∂µAa

µ +
α

2
baba + c̄a∂µDab

µ cb
)

+
∫

d4x
(
−ϕ̄ac

µ Mab(Ah)ϕbc
µ + ω̄ac

µ Mab(Ah)ωbc
µ + gγ2f abcAh,a

µ (ϕ̄ + ϕ)bc
µ

)
which corresponds to a restriction to

Ωh = { Aµ|∂µAa
µ = αba, ∂µAh

µ = 0, Mab(Ah) > 0 }
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Comments about Ωh

The (non-Hermitian) FP operator for general α reads

Mab(A) = −∂µDab
µ = −∂µ(δ

ab∂µ − gf abcAc
µ)

= −δab∂2 + αgf abcbc + gf abcAc
µ∂µ

Infinitesimal Gribov copies will appear whenever

Mab(A)ζb = 0

with ζa a normalizable zero mode.

Mab(Ah) = −∂µ(δ
ab∂µ − gf abcAh,c

µ )

is Hermitian, it thus makes sense to define the region Ωh. It is
convex and bounded in all directions.
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Restriction to Ωh ⇒ elimination of copies?
Why does imposingMab(Ah) > 0 removes zero modes ofMab(A)?

I Assume ζa is a zero mode ofMab(A) with a Taylor expan-
sion in α,

ζa =
∞

∑
n=0

αnζa
n

I Decompose the gauge field Aa
µ via

Aµ = Ah
µ + τµ , ∂µτµ = αb

with τµ =
∞

∑
n=0

αn+1τn
µ = ατ̂µ since A = Ah for α→ 0

Aµ ∈ Ωh ⇒ ζa = −g
[
M(Ah)−1

]ad
f dbc∂µ

(
τb

µ ζc
)

= −gα
[
M(Ah)−1

]ad
f dbc∂µ

(
τ̂b

µ ζc
)
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Restriction to Ωh ⇒ elimination of copies?

I Expand in powers of α

∑
n

αnζa
n = −∑

n
gαn+1

[
M(Ah)−1

]ad
f dbc∂µ

(
ζc

nτ̂b
µ

)
I Matching orders of α

ζa
n ∝ ζa

n−1 ∝ . . . ζa
0 ≡ 0⇒ ζ ≡ 0

All zero modes that possess a Taylor expansion around α = 0
are automatically vanishing if Ah ∈ Ωh. The restriction to Ωh

thus at least excludes these from the game.
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Localization of the action

I Reconsider the action (with non-local Ah)

SLCG
GZ = SYM +

∫
d4x

(
α

baba

2
+ iba∂µAa

µ + c̄a∂µDab
µ (A)cb

)
+
∫

d4x
(
−ϕ̄ac

µ Mab(Ah)ϕbc
µ + ω̄ac

µ Mab(Ah)ωbc
µ + gγ2 f abc(Ah)a

µ(ϕbc
µ + ϕ̄bc

µ )
)

I Introduce an auxiliary Stueckelberg field h via

Ah
µ = (Ah)a

µT a = h†Aa
µT ah +

i
g

h†∂µh , h = eigξata

Ah is indeed gauge invariant as

Aµ → V †AµV +
i
g

V †∂µV , h→ V †h , h† → h†V
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Localization of the action

I Ah
µ is now a local field and can be expanded in ξa

(Ah)a
µ = Aa

µ −Dab
µ ξb − g

2
f abcξbDcd

µ ξd +O(ξ3)

I Two Lagrange multipliers ba and τa enforcing two constraints.

I ba → ∂µAa
µ = iα ba (linear covariant gauge)

I τa → ∂µ(Ah)a
µ = 0 which is a (crucial) constraint on the

Stueckelberg field h (or ξ).
If ξ is eliminated through the transversality constraint ∂Ah =
0, we go back to the non-local expression for the field Ah

and by further integrating over the auxiliary fields (ϕ̄, ϕ) and
(ω̄,ω), one goes back to the original non-local GZ action.
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Localization of the BRST

I Albeit the action is local, the BRST transformation itself still
contains non-localities

I In PRD94 (2016), we showed that a fully local formulation can
be obtained, so all tools of local QFT become available.

I At the end, one arrives at

SLCG
GZ = SYM + sloc

∫
d4x

(
−i

α

2
c̄aba + c̄a∂µAa

µ −
1√
2

ω̄ac
µ M(Ah)abκbc

µ

)
+
∫

d4x τa ∂µ(Ah)aµ .

+
∫

d4x
(
−λ̄ac

µ M(Ah)abλbc
µ + ζ̄ac

µ M(Ah)abζbc
µ + gγ2 f abc (Ah)aµ(λ

bc
µ + λ̄bc

µ )
)

= SYM +
∫

d4x
(

α
baba

2
+ iba∂µAa

µ + c̄a(∂µDµ)
abcb

)
+
∫

d4x τa ∂µ(Ah)aµ .

+
∫

d4x
(
−κ̄ac

µ M(Ah)abκbc
µ + ω̄ac

µ M(Ah)abωbc
µ

)
+
∫

d4x
(
−λ̄ac

µ M(Ah)abλbc
µ + ζ̄ac

µ M(Ah)abζbc
µ + gγ2 f abc (Ah)aµ(λ

bc
µ + λ̄bc

µ )
)

I The fields (κ, κ̄,ω, ω̄) do not only constitute a BRST quartet,
but even a trivial unity (so they can be integrated out).
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Localization of the BRST

I Local BRST variations

slocAa
µ = −Dab

µ cb , slocca =
g
2

f abccbcc ,

sloc c̄a = iba , slocba = 0 .

slochij = −igca(T a)ik hkj , sloc(A
h)a

µ = 0 ,

slocκab
µ =

√
2ωab

µ , slocωab
µ = 0 ,

slocω̄ab
µ =

√
2κ̄ab

µ , sloc κ̄ab
µ = 0 ,

slocτa = 0 ,

sloc λ̄ab
µ = 0 slocλab

µ = 0

slocζab
µ = 0 sloc ζ̄ab

µ = 0 ,

in addition to

slocξa = −ca +
g
2

f abccbξc − g2

12
f amr f mpqcpξqξr +O(g3)⇒ slocAh,a

µ = 0
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Localization of the action
I The action is now local, albeit non-polynomial. This is not

unknown in literature (N = 1 SUSY YM, chiral Wess-Zumino
models, etc).

I The theory (in particular its renormalizability) can still be
controlled by the Quantum Action Principle (algebraic for-
malism). Dragon, Hürth, Van Nieuwenhuizen, Nucl. Phys. Proc.
Suppl.56B (1997).

I Renormalizability for γ2 = 0 was proven in Sorella et al, PRD94
(2016). As expected, non-linear renormalization of ξ.

I For γ2 6= 0 work in progress, but no problems expected,
given that γ2 is a “soft” change. From

k2

k4 + γ4 =
1
k2 −

γ4

k2(k4 + γ4)

and more general identities, a decent UV behaviour of GZ
propagators can be appreciated (Sorella et al, EPJC76 (2016)).
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Localization of the action
I Thanks to crucial constraint ∂Ah = 0, 〈ξξ〉 ∼ 1

p4 consistent
with power counting renormalizability, despite Stueckelberg
formalism.
If ������∫

d4xτ∂Ah in the action, we would get 〈ξξ〉 ∼ 1
p2 which

would destroy renormalizability (cf. non-renormalizability of
the standard Stueckelberg action.)
Similar to renormalizability of

SYM +
∫

d4x
(

c̄∂Dc + b∂A +
m2

2
A2
)

vs. non-renormalizability of

SYM +
∫

d4x
(

m2

2
A2
)
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Applications of the local BRST invariant formulation

I Exact proof that gluon propagator still looks like

D(p2) =

(
δµν −

pµpν

p2

)
D(p2) +

α

p2

pµpν

p2

Only (non-)perturbative corrections to the transverse form
factor.

I Renormalizability and gauge invariance Sorella et al, PRD94
(2016) of 〈AhAh〉p propagator and associated d = 2 con-
densate 〈A2〉min = 〈AhAh〉
(important phenomenological applications, see e.g. Chetyrkin,
Narison, Zakharov, NPB550 (1999); Gubarev, Zakharov, PLB501 (2001);
Megias, Ruiz Arriola, Salcedo, JHEP 0601 (2006)).

I Nielsen identities.
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Nielsen identities

I We extend the BRST transformation with (Piguet, Sibold, NPB253
(1985))

slocα = χ , slocχ = 0
I The full action (including sources) becomes

S = SYM +
∫

d4x
(

α
baba

2
+ iba∂µAa

µ − i
χ

2
c̄aba + c̄a∂µDab

µ (A)cb
)
+
∫

d4x τa ∂µ(Ah)aµ

+
∫

d4x
(
−ϕ̄ac

µ M(Ah)ab ϕbc
µ + ω̄ac

µ M(Ah)abωbc
µ + gγ2 f abc (Ah)aµ(ϕbc

µ + ϕ̄bc
µ )
)

+
∫

d4x J a
µ Aha

µ +
∫

d4x
(

Ωa
µ (slocAa

µ) + La (slocca) + K a (sloc ξa)
)

I Extended Slavnov-Taylor identity for 1PI generator Γ

STI =
∫

d4x

(
δΓ

δΩa
µ

δΓ
δAa

µ
+

δΓ
δLa

δΓ
δca +

δΓ
δK a

δΓ
δξa + iba δΓ

δc̄a

)
+ χ

∂Γ
∂α

= 0
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Nielsen identities

I Acting with test operators δ2

δΦ(x)Φ(y)

∣∣∣
sources=fields=χ=0

on STI

∂α 〈Φ(x)Φ(y)〉1PI = certain 1PI diagrams

I . . . (nice technical analysis, to appear)
I

∂α(pole masses) = 0

despite that propagators itself are α-dependent.
Thus, the cc pole masses of the gluon propagator attain a
“gauge invariant” meaning (also: RG invariant).

I Moreover

poles of 〈AA〉 = poles of 〈AhAh〉
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Things to do
I Study α-independence for explicitly gauge invariant quanti-

ties? (e.g. Polyakov loop to probe the phase transition).
I Variational probing of self-consistent values for the dynam-

ical mass scales? Nielsen identities important to ensure
gauge parameter independence.

I Gauge invariant signal of confinement in (positivity violation
of) 〈AhAh〉 propagator? What happens when Higgs fields
are added? Positivity violation averted?

I What happens with 〈AhAh〉 at finite temperature?
I “Inverse logic” of Kharzeev-Levin: we now have a GZ for

LCG→ some way to access topological susceptibility, “sourced”
by gluon mass scales?

I Test the non-perturbative LCG in a lattice formulation?
I What happens with the ghost?
I . . .
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Lattice formulation of LCG
I We proposed (inspired by Cucchieri, Mendes, PRL103 (2009))

R(A,B,U,V ) ≡ Tr
∫

d4x
(

AU
µ AU

µ +
2
g

Re(iUΛ)

)
+ Tr

∫
d4x

(
BV

µ BV
µ

)
+Tr

∫
d4x

(
BV

µ − PµνAU
ν

)2

with Pµν = δµν −
∂µ∂ν

∂2 .
I Gauging → minima of R(A,B,U,V ), for a fixed function

Λ(x) = Λa(x)ta in function of variable U,V .
I (Local) minimization leads to

B = transverse part of A
∂B = 0 , ∂A = Λ (LCG)

M(B) > 0

Non-perturbative B corresponds to Ah!
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The ghost propagator in LCG
I For α 6= 0, quite different behaviour for ghost expected (IR

suppression), predicted by DSE work Aguilar, Papavassiliou,
PRD77 (2008); Aguilar, Binosi, Papavassiliou, PRD91 (2015); Huber,
PRD91 (2015).

I At one-loop, we get

G(k2) =
1
k2

1
1−ω(k2)

where
ω(k2) = ωT (k2) + ωL(k2)

ωT ,L(k2) corresponding to transverse/longitudinal gluon prop-
agator. In particular

ωL(k2) = α
Ng2

64π2 log
k2

µ̄2

which suggests IR suppression because of ln(k2) (ωT (0) = num-
ber).
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The ghost propagator in LCG

I No ghost propagator data yet for α 6= 0.
I AsMab(A) is not Hermitian for α 6= 0, neither will its inverse

be (= the ghost propagator).
To have Hermitian action for α 6= 0, the FP ghost c and
anti-ghost c̄ are to be chosen to be independent and real,
resp. purely imaginary (see f.i. Alkofer, Von Smekal, Phys. Rept.
353 (2001)). The relevant (Hermitian) operator becomes ma-
trix valued (

0 ∂D
−∂D 0

)
I Lattice ghost propagator usually computed via (real) eigen-

values of (supposedly Hermitian) FP matrix ⇒ the matrix
propagator is what need to be studied.
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The End.

Thanks!


