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PDFs: 1D map



How can we built up 
a multidimensional picture 

of the nucleon?
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Phase-Space Distributions
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Light-Front Wave Functions (LFWFs)
• Fock expansion of Nucleon state: 

|Ni =  3q|qqqi+ 3q qq̄|3q qq̄i+ 3q g|qqqgi+ · · ·

+ · · ·++

fixed light-cone time (x+=0)
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LFWF overlap representation
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invariant under boost, independent of Pμ

internal variables:

3q LFWF:

Brodsky, Pauli, Pinsky, 1998

P+,+
~�?
2P+,� ~�?

2

x,

~

k? � ~�?
2

x,

~

k? +
~�?
2

quark-quark correlator
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Common assumptions : Ø No gluons
Ø Independent quarks

General formalism valid for 
Bag Model, LFχQSM, LFCQM, Quark-Diquark, Covariant Parton Models

Lorcé, BP, Vanderhaeghen, JHEP05 (2011)

momentum wf spin-flavor wf rotation from canonical spin 
to light-cone spin 
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Light-Front Constituent Quark Model

• SU(6) symmetry

(Melosh rotation)non-interacting quarks

Applications of the model to: 
                                         GPDs and Form Factors: BP, Boffi, Traini (2003)-(2005);
                                          TMDs: BP, Cazzaniga, Boffi (2008); BP, Yuan (2010);
                                          Azimuthal Asymmetries: Schweitzer, BP, Boffi, Efremov (2009)

           parameters fitted to anomalous 
    magnetic moments of the nucleon

     : normalization constant

• momentum-space wf
Schlumpf, Ph.D. Thesis, hep-ph/921155

• spin-structure:



Quark Wigner Distributions

favored

disfavored

Transverse Phase-Space distributions

Longitudinal 

Transverse

★ Twist-2:

U        L           T

�twist�2 = �+, �+�5, i�
j+�5

quark polarization:

★ Nucleon polarization: U          L            T

16 complex
GTMDs

32 real
Wigner Distributions

⇢X(~k?,~b?) =
R
dx ⇢X(x,~k?,~b?) X = UU, UL,UT, LU, . . .
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<e[F11] =m[F11]H, f1

UU 

Unpolarized quarks in unpolarized proton

naive time-reversal even naive time-reversal odd

bottom-up symmetry        no net OAM

(~k? ? ~b?) (~k? k ~b?)polar flow                preferred over radial flow   (~k? k ~b?)        net radial flow                
due to initial/final state interactions   
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Unpolarized quarks in Longitudinally pol. proton

naive time-reversal even naive time-reversal odd

Lorcé, BP, PRD 96, 2016; PRD 84, 2011
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<e[F14] =m[F14]

LU 

Unpolarized quarks in Longitudinally pol. proton

naive time-reversal even naive time-reversal odd

Lorcé, BP, PRD 96, 2016; PRD 84, 2011

/ Sz(~b? ⇥ ~k?)z
Szorbital flow       net OAM correlated with                 

/ Sz(~b? ⇥ ~k?)z (~b? · ~k?)
Szspiral flow correlated with                 

with no-net quark flow            

unique information from GTMDs 



Quark Orbital Angular Momentum
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Wigner distribution for
Unpolarized quark  in a Longitudinally pol. nucleon

Lorcé, BP, PRD 84 (2011) 014015

Lorcé, BP, Xiong, Yuan, PRD 85 (2012) 114006
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Quark Orbital Angular Momentum
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=
R
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Z
dx d~k? ~
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q
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Proton spin
u-quark OAM

d-quark OAM

Results in a light-front constituent quark model:

Lorcé, BP, PRD 84 (2011) 014015

Lorcé, BP, Xiong, Yuan, PRD 85 (2012) 114006



⇢LU ! ⇢WLU

`

q
z =

R
dxd2~k?d2~b?(~b? ⇥ ~

k?)⇢LU (~b?,~k?, x)
[Lorcé, BP (2011)]

[Lorcé, BP, Xiong, Yuan(2011)]

FSIISI

e.g. SIDISe.g. DY

[Ji, Xiong, Yuan (2012)]
[Burkardt (2012)]

A+ = 0Light-cone gauge             
not gauge invariant, but with simple partonic interpretation

[Hatta (2012)]

Gauge-invariant extension

difference between the two definitions can be interpreted as
the change in the quark OAM as the quark leaves the target in a DIS experiment

   [M. Burkardt (2013)]

[Ji (1997)]
Kinetic Canonical

[Jaffe, Manohar (1990)]



Angular Correlations
quark polarization
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Angular Correlations
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OAM content of TMDs
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OAM content of TMDs
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✦ Effects on SIDIS observables
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Quark OAM from Pretzelosity

model-dependent relation

“pretzelosity”

   [She, Zhu, Ma, 2009;  Avakian, Efremov, Schweitzer, Yuan, 2010] 

first derived in LF-diquark model and bag model

no operator identity
relation at level of matrix elements of operators 

chiral even and charge even chiral odd and charge odd

valid in all quark models with spherical symmetry in the rest frame 
 [Lorcé, BP, PLB (2012)]



Relations among T-even TMDs

Du =
2

3
, Dd = �1

3

D1 fq
1 + gq1L = 2hq

1

gq1T = �h?q
1L

gq1L � hq
1 =

k2?
2M2

h?q
1T

2hq
1 h

?q
1T = �(gq1T )

2

Linear Relations Quadratic Relations

Flavor dependent

Flavor independent

* * * 

* * * 

* * * * * 

[Avakian, Efremov, Schweitzer, Yuan, 2008]

Bag

�QSM

LCQM

S Diquark

AV Diquark

Cov. Parton

Quark Target

[Jaffe, Ji 1991); Signal (1997); Barone & al. (2002); Avakian & al., (2008-2010)]

[Lorcé, Pasquini, Vanderhaeghen (2011)]

[Pasquini & al. (2008)]

[Ma & al. (1996-2009); Jakob & al. (1997); Bacchetta & al. (2008)]

[Ma & al. (1996-2009); Jakob & al. (1997); Bacchetta & al. (2008)]

[Efremov & al. (2009)]

[Meissner & al. (2007)]

*=SU(6)
[Lorcé, Pasquini, 2011]
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longitudinally pol. quarks 
in transversely pol. nucleon

transversely pol. quarks 
in longitudinal pol. nucleon

 g1T, h1L⊥ GPDs

genuine effect of intrinsic transverse momentum of quarks!



g1T (x, k
2
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Model-dependent relation:

supported by lattice calculation

g

(1)
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downdown

Light-Front Quark Model Lattice QCD

BP, Cazzaniga, Boffi, PRD78 (2008) Musch, Haegler, Negele, Schaefer, PRD83 (2011)
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Different definitions of OAM

Lq Sq

SgLg

Jaffe-Manohar

Pros:

• Satisfies canonical relations
• Complete decomposition

(      and       measured by 
 COMPASS, HERMES , RHIC)

Cons:

• Gauge-variant decomposition
• Missing observables for the OAM

Improvements:

• OAM accessible via Wigner distributions    
  and it can be calculated on the lattice



Different definitions of OAM

Lq Sq

SgLg

Jaffe-Manohar

Pros:

• Satisfies canonical relations
• Complete decomposition

(      and       measured by 
 COMPASS, HERMES , RHIC)

Cons:

• Gauge-variant decomposition
• Missing observables for the OAM

Improvements:

• OAM accessible via Wigner distributions    
  and it can be calculated on the lattice

 Lorcé, Leader, Phys. Rep. 541 (2014) 163 

Ji’s relation:

Lq Sq

Jg

• Each term is gauge invariant
• Accessible in DIS and DVCS
• Can be calculated in Lattice QCD

Pros:

Cons:
• No decomposition of Jg in spin and orbital part

Jg = Lg +�g

Improvements:

• Complete decomposition:

Jq,g =
1

2

Z 1

�1
dxx

⇣
Hq,g(x, 0, 0) + Eq,g(x, 0, 0)

⌘

•  quark OAM from twist-3 GPD: 

L

q
z = �

Z
dxxGq

2(x, 0, 0)

see talk of S. Liuti
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de Florian, Sassot, Stratmann, Vogelsang, PRL 113 (14) 
NNPDF, Ball... Nocera... NPB 887 (14), Tab. 12, 13
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Impact of EIC on proton spin

Aschenauer, Stratmann, Sassot,PRD86 (2012) 
Geesaman, et al., Reaching for the horizon: The 2015 long range plan for nuclear science (2015)



The blind men and the elephant

TMDs, GPDs and GTMDs provide different and complementary information
and need to talk to each other 

to reconstruct the full multidimensional picture of the nucleon

from H. Avakian



Backup



Model relation TMD        GPD

Burkardt, PRD 66 (2002) 114005

unpolarized quark in unpolarized nucleon



Model relation TMD        GPD

Burkardt, PRD 66 (2002) 114005

Distortion in impact parameter
(related to GPD E) 

unpolarized quark in transversely pol. nucleon
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Final-state interaction
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The derivative in (66) can now act either on the quark
fields or on the Wilson lines. In the first case though,
one gets no contribution to the average transverse mo-
mentum, since the involved combination of Wilson lines
vanishes,
[

W+∞
(

− 1
2z; 1

2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= 0 . (67)

The result (67) is obvious because both Wilson lines are
just running along the light-cone.

On the other hand, if the derivative acts on the Wilson
lines, one finds

i ∂i
T

[

W+∞
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− 1
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2z
)

−W−∞
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2z; 1

2z
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= g
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)

ta F+i
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(

y
)

W
(

y; 1
2z
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∣
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= 2W
(

− 1
2z; 1

2z
)

Iq,i
(

1
2z

)
∣
∣
∣z+=0+

!zT =!0T

, (68)

where the paths of the remaining Wilson lines run along
the light-cone and the function Iq,i is defined by

Iq,i
(

1
2z

)

=
g

2

∫

dy− W
(

1
2z; y

)

ta F+i
a

(

y
)

W
(

y; 1
2z

)
∣
∣
∣y+=z+

!yT =!zT

. (69)

Plugging the results together one arrives at the following
expression for the average transverse momentum,

〈

kq,i
T (x)

〉

UT

=
1

2

∫
dz−

2π
eik·z 〈

P ; #ST

∣
∣ ψ̄

(

− 1
2z

)

γ+

×W
(

− 1
2z; 1

2z
)

Iq,i
(

1
2z

)

ψ
(

1
2z

) ∣
∣P ; #ST

〉
∣
∣
∣z+=0+

!zT =!0T

.(70)

Equation (70) is a representation of the average trans-
verse momentum in terms of a specific quark-gluon-quark
light-cone correlator [36, 52, 64]. Since the gluon field in
the three-parton correlator in (70) has zero longitudinal
momentum one often talks about a soft gluon matrix el-
ement. The reader is referred to [65, 66, 67, 68] where
such (or similar) matrix elements were first discussed in
connection with transverse SSAs.

To unravel a possible connection between the Sivers
effect and the GPD Eq, in Ref. [36] the RHS of (70)
was transformed to the impact parameter space, where
it takes the form

〈

kq,i
T (x)

〉

UT

=
1

2

∫

d2#bT

∫
dz−

2π
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〉

, (71)

with z1/2 as given in Eq. (36). Comparing the expression
in (71) with the correlator (34) for the quark GPDs in

impact parameter space (for Γ = γ+) one realizes that
the only difference is the additional factor Iq,i and an
integration upon the impact parameter #bT [36]. On the
basis of this observation one may hope to find a relation
of the type

〈

kq,i
T (x)

〉

UT
=

∫

d2#kT ki
T Φq(x,#kT ; S)

#
∫

d2#bT Iq,i(x,#bT )Fq(x,#bT ; S) , (72)

where, in rough terms, the function Iq,i incorporates the
effect of the gluon field in the correlator on the RHS
of (70). We mention that in the second term on the RHS
of (72) only the spin-dependent term of Fq contributes.

Expressed in terms of TMDs and GPDs Eq. (72) reads
〈

kq,i
T (x)

〉

UT

= −
∫

d2#kT ki
T

εjk
T kj

T Sk
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M
f⊥q
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T )

#
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εjk
T bj

T Sk
T

M

(

Eq(x,#b 2
T )

)′

. (73)

Interestingly, the relation (73) is indeed fulfilled in
the context of perturbative low order model calcula-
tions [37] (see also Sec. IV). It also provides an intu-
itive understanding of the origin of the Sivers transverse
SSA [35, 36]. However, Eq. (73) does not have the sta-
tus of a general, model-independent result (see also, e.g.,
Ref. [69]). The crucial problem lies in the fact that, in
general, the average transverse momentum

〈

kq,i
T (x)

〉

UT
caused by the Sivers effect cannot be factorized into the
function Iq,i (called lensing function in [36]) and the dis-
tortion of the impact parameter distribution of quarks
in a transversely polarized target which is determined by
(Eq)′.

C. Generalization of relations

To get further insight into possible relations between
GPDs and TMDs, which at least may hold in the context
of model calculations, we now follow a procedure given
in Ref. [38]. The equations defining the GPDs in impact
parameter space [see Eqs. (38)–(41)] on the one hand
and the TMDs [see Eqs. (48)–(50) and (52)–(54)] on the
other obviously have a corresponding structure if one in-
terchanges the impact parameter #bT and the transverse
momentum #kT . Comparing these equations one directly
finds out which functions may be related. However, using
this procedure one cannot extract the precise form of the
relations. Note also that the two TMDs g1T and h⊥

1L have
no counterpart on the GPD side, as already pointed out
in Sec. II C. In the following we, respectively, talk about
relations of first, second, third, and fourth type, depend-
ing on the number of derivatives of the involved GPDs
in impact parameter space. In the case of quark distri-
butions the results given in this subsection were already

9

The derivative in (66) can now act either on the quark
fields or on the Wilson lines. In the first case though,
one gets no contribution to the average transverse mo-
mentum, since the involved combination of Wilson lines
vanishes,
[

W+∞
(

− 1
2z; 1

2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= 0 . (67)

The result (67) is obvious because both Wilson lines are
just running along the light-cone.

On the other hand, if the derivative acts on the Wilson
lines, one finds

i ∂i
T

[

W+∞
(

− 1
2z; 1

2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= g

∫

dy− W
(

− 1
2z; y

)

ta F+i
a

(

y
)

W
(

y; 1
2z

)
∣
∣
∣y+=z+=0+

!yT =!zT =!0T

= 2W
(

− 1
2z; 1

2z
)

Iq,i
(

1
2z

)
∣
∣
∣z+=0+

!zT =!0T

, (68)

where the paths of the remaining Wilson lines run along
the light-cone and the function Iq,i is defined by

Iq,i
(

1
2z

)

=
g

2

∫

dy− W
(

1
2z; y

)

ta F+i
a

(

y
)

W
(

y; 1
2z

)
∣
∣
∣y+=z+

!yT =!zT

. (69)

Plugging the results together one arrives at the following
expression for the average transverse momentum,

〈

kq,i
T (x)

〉

UT

=
1

2

∫
dz−

2π
eik·z 〈

P ; #ST

∣
∣ ψ̄

(

− 1
2z

)

γ+

×W
(

− 1
2z; 1

2z
)

Iq,i
(

1
2z

)

ψ
(

1
2z

) ∣
∣P ; #ST

〉
∣
∣
∣z+=0+

!zT =!0T

.(70)

Equation (70) is a representation of the average trans-
verse momentum in terms of a specific quark-gluon-quark
light-cone correlator [36, 52, 64]. Since the gluon field in
the three-parton correlator in (70) has zero longitudinal
momentum one often talks about a soft gluon matrix el-
ement. The reader is referred to [65, 66, 67, 68] where
such (or similar) matrix elements were first discussed in
connection with transverse SSAs.

To unravel a possible connection between the Sivers
effect and the GPD Eq, in Ref. [36] the RHS of (70)
was transformed to the impact parameter space, where
it takes the form

〈

kq,i
T (x)

〉

UT

=
1

2

∫

d2#bT

∫
dz−

2π
eixP+z− 〈

P+,#0T ; S
∣
∣ ψ̄

(

z1

)

γ+

×W
(

z1; z2

)

Iq,i
(

z2

)

ψ
(

z2

) ∣
∣P+,#0T ; S

〉

, (71)

with z1/2 as given in Eq. (36). Comparing the expression
in (71) with the correlator (34) for the quark GPDs in

impact parameter space (for Γ = γ+) one realizes that
the only difference is the additional factor Iq,i and an
integration upon the impact parameter #bT [36]. On the
basis of this observation one may hope to find a relation
of the type

〈

kq,i
T (x)

〉

UT
=

∫

d2#kT ki
T Φq(x,#kT ; S)

#
∫

d2#bT Iq,i(x,#bT )Fq(x,#bT ; S) , (72)

where, in rough terms, the function Iq,i incorporates the
effect of the gluon field in the correlator on the RHS
of (70). We mention that in the second term on the RHS
of (72) only the spin-dependent term of Fq contributes.

Expressed in terms of TMDs and GPDs Eq. (72) reads
〈

kq,i
T (x)

〉

UT

= −
∫

d2#kT ki
T

εjk
T kj

T Sk
T

M
f⊥q
1T (x,#k 2

T )

#
∫

d2#bT Iq,i(x,#bT )
εjk
T bj

T Sk
T

M

(

Eq(x,#b 2
T )

)′

. (73)

Interestingly, the relation (73) is indeed fulfilled in
the context of perturbative low order model calcula-
tions [37] (see also Sec. IV). It also provides an intu-
itive understanding of the origin of the Sivers transverse
SSA [35, 36]. However, Eq. (73) does not have the sta-
tus of a general, model-independent result (see also, e.g.,
Ref. [69]). The crucial problem lies in the fact that, in
general, the average transverse momentum

〈

kq,i
T (x)

〉

UT
caused by the Sivers effect cannot be factorized into the
function Iq,i (called lensing function in [36]) and the dis-
tortion of the impact parameter distribution of quarks
in a transversely polarized target which is determined by
(Eq)′.

C. Generalization of relations

To get further insight into possible relations between
GPDs and TMDs, which at least may hold in the context
of model calculations, we now follow a procedure given
in Ref. [38]. The equations defining the GPDs in impact
parameter space [see Eqs. (38)–(41)] on the one hand
and the TMDs [see Eqs. (48)–(50) and (52)–(54)] on the
other obviously have a corresponding structure if one in-
terchanges the impact parameter #bT and the transverse
momentum #kT . Comparing these equations one directly
finds out which functions may be related. However, using
this procedure one cannot extract the precise form of the
relations. Note also that the two TMDs g1T and h⊥

1L have
no counterpart on the GPD side, as already pointed out
in Sec. II C. In the following we, respectively, talk about
relations of first, second, third, and fourth type, depend-
ing on the number of derivatives of the involved GPDs
in impact parameter space. In the case of quark distri-
butions the results given in this subsection were already
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The derivative in (66) can now act either on the quark
fields or on the Wilson lines. In the first case though,
one gets no contribution to the average transverse mo-
mentum, since the involved combination of Wilson lines
vanishes,
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The result (67) is obvious because both Wilson lines are
just running along the light-cone.

On the other hand, if the derivative acts on the Wilson
lines, one finds
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where the paths of the remaining Wilson lines run along
the light-cone and the function Iq,i is defined by
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Plugging the results together one arrives at the following
expression for the average transverse momentum,
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Equation (70) is a representation of the average trans-
verse momentum in terms of a specific quark-gluon-quark
light-cone correlator [36, 52, 64]. Since the gluon field in
the three-parton correlator in (70) has zero longitudinal
momentum one often talks about a soft gluon matrix el-
ement. The reader is referred to [65, 66, 67, 68] where
such (or similar) matrix elements were first discussed in
connection with transverse SSAs.

To unravel a possible connection between the Sivers
effect and the GPD Eq, in Ref. [36] the RHS of (70)
was transformed to the impact parameter space, where
it takes the form
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with z1/2 as given in Eq. (36). Comparing the expression
in (71) with the correlator (34) for the quark GPDs in

impact parameter space (for Γ = γ+) one realizes that
the only difference is the additional factor Iq,i and an
integration upon the impact parameter #bT [36]. On the
basis of this observation one may hope to find a relation
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where, in rough terms, the function Iq,i incorporates the
effect of the gluon field in the correlator on the RHS
of (70). We mention that in the second term on the RHS
of (72) only the spin-dependent term of Fq contributes.
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function Iq,i (called lensing function in [36]) and the dis-
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and the TMDs [see Eqs. (48)–(50) and (52)–(54)] on the
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this procedure one cannot extract the precise form of the
relations. Note also that the two TMDs g1T and h⊥

1L have
no counterpart on the GPD side, as already pointed out
in Sec. II C. In the following we, respectively, talk about
relations of first, second, third, and fourth type, depend-
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Constraining quark angular momentum through semi-inclusive measurements
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The determination of quark angular momentum requires the knowledge of the generalized par-
ton distribution E in the forward limit. We assume a connection between this function and the
Sivers transverse-momentum distribution, based on model calculations and theoretical considera-
tions. Using this assumption, we show that it is possible to fit at the same time nucleon magnetic
moments and semi-inclusive single-spin asymmetries. This imposes additional constraints on the
Sivers function and opens a plausible way to quantifying quark angular momentum.

PACS numbers:

Nucleons are spin-1/2 composite particles made by
partons (i.e., quarks and gluons). Determining how
much of the nucleons’ spin is carried by each parton
is a critical endeavour towards an understanding of the
microscopic structure of matter. In this work, we pro-
pose a way to constrain the angular momentum Ja of
a (anti)quark with flavor a. To do this, we adopt an
assumption, motivated by model calculations and the-
oretical considerations, that connects Ja to the Sivers
transverse-momentum distribution (TMD) measured in
semi-inclusive deep-inelastic scattering (SIDIS) [1]. The
Sivers function f⇥a

1T [2] is related to the distortion of the
momentum distribution of an unpolarized parton a when
the parent nucleon is transversely polarized. We show
that this assumption of relating Ja to f⇥a

1T is compatible
with existing data, and we derive estimates of Ja.

The total angular momentum of a parton a (with
a = q, q̄) at some scale Q2 can be computed as a spe-
cific moment of generalized parton distribution functions
(GPD) [3]

Ja(Q2) =
1

2

⌃ 1

0
dx x

�
Ha(x, 0, 0;Q2) + Ea(x, 0, 0;Q2)

⇥
.

(1)
The GPD Ha(x, 0, 0;Q2) corresponds to the familiar
collinear parton distribution function (PDF) fa

1 (x;Q
2),

which gives the probability of finding at the scale Q2

a parton with flavor a and fraction x of the (longitu-
dinal) momentum of the parent nucleon. The forward
limit of the GPD Ea does not correspond to any collinear
PDF [4]. It is possible to probe the function Ea in
experiments, but never in the forward limit (see, e.g.,
[5]). Assumptions are eventually necessary to constrain
Ea(x, 0, 0;Q2). This makes the estimate of Ja partic-
ularly challenging. The only model-independent con-
straint is the scale-independent sum rule

⇧

q

⌃ 1

0
dxEqv (x, 0, 0) = �, (2)

�Electronic address: alessandro.bacchetta@unipv.it
†Electronic address: marco.radici@pv.infn.it

where Eqv = Eq�E q̄ and � denotes the anomalous mag-
netic moment of the parent nucleon.
Inspired by results of spectator models [6–10] and theo-

retical considerations [1], we propose the following simple
relation at a specific scale QL,

f⇥(0)a
1T (x;Q2

L) = �L(x)Ea(x, 0, 0;Q2
L), (3)

where we define the n-th moment of a TMD with respect
to its transverse momentum pT as

f⇥(n)a
1T (x;Q2) =

⌃
d2pT

⇤
p2T
2M2

⌅n

f⇥a
1T (x, p2T ;Q

2), (4)

and M is the nucleon mass.
In Eq. (3), L(x) is a flavor-indepedent function, repre-

senting the e�ect of the QCD interaction of the outgoing
quark with the rest of the nucleon. The name “lens-
ing function” has been proposed by Burkardt to denote
L(x) [11]. Computations of the lensing function beyond
the single-gluon approximation have been proposed in
Ref. [12]. It is likely that in more complex models the
above relation is not preserved, at least not as a simple
product of x-dependent functions [8]. Nevertheless, it is
useful and interesting to speculate on the consequences
of this simple assumption. As a more refined picture of
TMD and GPD emerges, it will be possible to improve
the reliability of this assumption or eventually discard it.
The present attempt should be considered as a “proof of
concept” for further studies in this direction.
The advantage of adopting the Ansatz of Eq. (3) is

twofold: first, it allows us to use the value of the anoma-
lous magnetic moment to constrain the integral of the
valence Sivers function; second, it allows us to obtain
flavor-decomposed information on the x-dependence of
the GPD E and ultimately on the quark total angular
momentum. This is an enticing example of how assum-
ing model-inspired connections between GPD and TMD
can lead to powerful outcomes.
The Sivers function has been extracted from SIDIS

measurements by three groups [13–16]. All of
them assume a flavor-independent Gaussian transverse-
momentum distribution of the involved TMD. Although
this is an oversimplification, we adopt the same choice.
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turn, also Esv and �sv . Our results are similar to other
estimates of the strange Pauli form factor [42, 43] and
lattice QCD calculations [44, 45].

Using Eq. (1), we can compute the total longitudinal
angular momentum carried by each flavor q and q̄ at our
initial scale Q2

L = 1 GeV2. Using the standard evolution
equations for the angular momentum (at leading order,
with 3 flavors only, and �QCD = 257 MeV), we obtain
the following results at Q2 = 4 GeV2:

Ju = 0.229± 0.002+0.008
�0.012, J ū = 0.015± 0.003+0.001

�0.000,

Jd = �0.007± 0.003+0.020
�0.005, J d̄ = 0.022± 0.005+0.001

�0.000,

Js = 0.006+0.002
�0.006, J s̄ = 0.006+0.000

�0.005.

As before, the first symmetric error is statistical and re-
lated to the errors on the fit parameters, while the sec-
ond asymmetric error is theoretical and reflects the un-
certainty introduced by the other possible scenarios. In
the present approach, we cannot include the (probably
large) systematic error due to the rigidity of the func-
tional form in Eqs. (8)-(10), (13). The bias induced by
the choice of the functional form may a⇥ect in particu-
lar the determination of the sea quark angular momenta,
since they are not directly constrained by the values of
the nucleon anomalous magnetic moments. Our present
estimates (at Q2 = 4 GeV2) agree well with other anal-

yses [30, 31, 39, 40, 46, 47]. It indicates a total contri-
bution to the nucleon spin from quarks and antiquarks
of 0.271± 0.007+0.032

�0.028, of which 85% is carried by the up
quark.

In summary, we have presented a determination of
the quark angular momentum assuming a connection be-
tween the collinear limit of the generalized parton dis-
tribution E and the Sivers transverse-momentum distri-
bution. We have shown that it is possible to fit at the
same time the nucleon anomalous magnetic moments and
data for semi-inclusive single-spin asymmetries produced
by the Sivers e⇥ect. Several di⇥erent scenarios produce
equally good ⇥2 fits. Our strategy opens a plausible way
to quantifying the quark angular momentum, and im-
poses additional constraints on the Sivers function.
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Unpol. quark in Long. pol. Proton

Proton spin

u-quark OAM

d-quark OAM
★ projection to GPD and TMD is vanishing

             unique information on OAM from Wigner distributions 

down quarkup quark

Lorcé, Pasquini (2011)

fixed       
integrated over x       

~k?



[Lorce’, Pasquini (2011)
Meissner, Metz, Schlegel (2009)]

Transverse

[Burkardt (2005)]
[Barone et al. (2008)]

~k? ~b?
~k? ~b?

~k? ~b?
~b?, ~k?

~k? ~b?
~b?, ~k?

Longitudinal
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nucleon momentum carried by parton 

angular momentum of partons

Relation with second-moments of GPDs:  

D-term related to “stability” of the nucleon

“Charges” of the EM Tensor Form Factors at t=0

Form factors of Energy Momentum tensor



Schweitzer et al., PRD 75 (2007) 094021 
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0
dr r2 p(r) = 0
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0
dr r4 p(r) < 0

T ijdSj

“mechanical properties” of nucleon

M. Polyakov, PLB 555 (2003) 57

Fourier transform in coordinate space
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Quark spin and OAM

TMDs

Quark spin (from DIS)

• Model-dependent
• Not intrinsic!

[Burkardt (2007)]
[Efremov et al. (2008,2010)]

[She, Zhu, Ma (2009)]
[Avakian et al. (2010)]

[Lorce’, BP (2011)]

polarized PDF
inclusive DIS

[Penttinen et al. (2000)]

[Ji (1997)]

Pure twist-3!

Twist-3

Quark spin (from DIS)

Ji sum rule

GPDs

polarized PDF
inclusive DIS

GTMDs

Quark spin (from DIS)

[Lorce, BP(2011)]
[Hatta (2011)]

[Lorce’,BP, et al. (2012)]

Jq = 1
2

R
dxx [Hq(x, 0, 0) + Eq(x, 0, 0)]

Lq = Jq � Sq
z

polarized PDF
inclusive DIS

L

q
z = �

Z
dxxGq

2(x, 0, 0)



OAM and origin dependence

OAM from Pretzelosity

Depends on proton 
position

Momentum conservation

“naive” OAM

OAM from GTMDs

Transverse center of 
momentum

intrinsic OAM

Intrinsic Naive

 equivalence for TOTAL OAM 

Liz 6= `intiz Lz = lintz

momentum conservation

NX

i=1

~bi? ⇥ ~ki? =
NX

i=1

⇣
~ri? � ~R?

⌘
⇥ ~ki? =

NX

i=1

~ri? ⇥ ~ki?



Long. pol. quark in Long. pol. Proton

fixed down quarkup quark

Quark spin - Nucleon spin correlation

d-quark spin

u-quark spin

Proton spin



Charge density of partons in the transverse plane

[Miller (2007); Burkardt (2007)]

charge distribution in the 
transverse plane 

proton

+

neutron

-



SIDIS   l N     l’ h X

X=beam polarization 
Y=target polarization
weight=ang. distr. hadron



SIDIS   l N     l’ h X

X=beam polarization 
Y=target polarization
weight=ang. distr. hadron



Collins SSA

        from HERMES & BELLE dataØ  Efremov, Goeke, Schweitzer, PRD73 (2006); 
Anselmino et al., PRD75 (2007); Vogelsang, Yuan, PRD72 (2005)

Ø           from Light-Cone CQM evolved at Q2=2.5 GeV2,           from GRV at Q2=2.5 GeV2   

More recent HERMES and BELLE data  
not included in the fit of Collins function 

HERMES data: 
Diefenthaler, hep-ex/0507013

COMPASS data: 
Alekseev et al,, PLB673,  (2009)

gaussian ansatz



Three Quark Light Cone Amplitudes 

6 independent wave function amplitudes: 

isospin symmetry 

parity 
time reversal 

total quark helicity Jq

v classification of LCWFs in angular momentum components

Jz = Jz
q + Lz

q

[Ji, J.P. Ma,  Yuan, 03; 
Burkardt, Ji, Yuan, 02]

Lz
q =2Lz

q =1Lz
q =0Lz

q = -1
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Three Quark Light Cone Amplitudes 

6 independent wave function amplitudes: 

isospin symmetry 

parity 
time reversal 

total quark helicity Jq

v classification of LCWFs in angular momentum components

Jz = Jz
q + Lz

q

[Ji, J.P. Ma,  Yuan, 03; 
Burkardt, Ji, Yuan, 02]

Lz
q =2Lz

q =1Lz
q =0Lz

q = -1

 Lz
q = 2



* **

** *

Flavor-dependent

Flavor-independent

Linear relations Quadratic relation

Bag

ÂQSM

LCQM

S Diquark

AV Diquark

Cov. Parton

Quark Target

[Jaffe & Ji (1991), Signal (1997), Barone & al. (2002), Avakian & al. (2008-2010)]

[Lorcé & Pasquini (in preparation)]

[Pasquini & al. (2005-2008)]

[Ma & al. (1996-2009), Jakob & al. (1997), Bacchetta & al. (2008)]

[Ma & al. (1996-2009), Jakob & al. (1997)]   [Bacchetta & al. (2008)]

[Efremov & al. (2009)]

[Meißner & al. (2007)]

*

*

*

*

*

*

Relations among TMDs in Quark Models

Common assumptions : Ø No gluons
Ø Independent quarks



fixed 

[Lorce’, Pasquini (2011)]

✦ projection to GPD and TMD is vanishing

             unique information on OAM from Wigner distributions 

Long. pol. quark in Unpol. Proton

up quark down quark



fixed 

[Lorce’, Pasquini (2011)]

Long. pol. quark in Unpol. Proton

C

q
z =

R
dx d~k? d~b?

⇣
~

b? ⇥ ~

k?

⌘
⇢

q
UL(x,

~

k?,~b?)
Quark spin

u-quark OAM
d-quark OAM

Cq
z

u-quark d-quark

   0.23           0.19

correlation between quark spin and quark OAM

up quark down quark



LF helicity canonical spin rotation around an axis 
orthogonal to z and k⊥

Light-Cone Helicity and Canonical Spin



LF helicity canonical spin rotation around an axis 
orthogonal to z and k⊥

Light-Front CQM Chiral Quark-Soliton Model Bag Model

(Melosh rotation)

Light-Cone Helicity and Canonical Spin



Longitudinal 

Transverse

~b?

~k? θ

Generalized Transverse Charge Density 

[Lorce’, BP, PRD84 
(2011)]

fixed angle between k⊥ and b⊥ and fixed value of |k⊥|   
→→ →

Unpol. up quark in Unpol. Proton



Longitudinal 

Transverse

~b?

~k? θ

Generalized Transverse Charge Density 

[Lorce’, BP, PRD84 
(2011)]

fixed angle between k⊥ and b⊥ and fixed value of |k⊥|   
→→ →

Unpol. up quark in Unpol. Proton



Longitudinal 

Transverse

~b?

~k? θ

Generalized Transverse Charge Density 

[Lorce’, BP, PRD84 
(2011)]

fixed angle between k⊥ and b⊥ and fixed value of |k⊥|   
→→ →

Unpol. up quark in Unpol. Proton



Longitudinal 

Transverse

~b?

~k? θ

Generalized Transverse Charge Density 

[Lorce’, BP, PRD84 
(2011)]

fixed angle between k⊥ and b⊥ and fixed value of |k⊥|   
→→ →

Unpol. up quark in Unpol. Proton



Longitudinal 

Transverse

~b?

~k? θ

Generalized Transverse Charge Density 

[Lorce’, BP, PRD84 
(2011)]

fixed angle between k⊥ and b⊥ and fixed value of |k⊥|   
→→ →

Unpol. up quark in Unpol. Proton



favored

disfavored

up quark down quark

favored

unfavored

~k?fixed     :       

Unpol. quarks in Unpol. Proton

Left-right symmetry no net quark OAM

Distortion due to correlations between       and

absent in             and            !GPD TMD

[Lorce’, Pasquini (2011)]

~k?



favored

disfavored

up quark down quark

favored

unfavored

~k?fixed     :       

Unpol. quarks in Unpol. Proton

Monopole 

Distributions

f

q
1 (k

2
?) =

R
dxfq

1 (x, k
2
?)

✦ integrating over b⊥            transverse-momentum density  →

[Miller (2007); Burkardt (2007)]

✦ integrating over k⊥
→

charge density in the transverse plane b⊥
→



Proton spin

u-quark OAM

d-quark OAM

fixed 

[Lorce’, Pasquini (2011)]

★  projection to GPD and TMD is vanishing

             unique information on OAM from Wigner distributions 

Unpol. quark in Long. pol. Proton

down quarkup quark



favored

disfavored

up quark down quark

favored

unfavored

Unpol. quarks in Unpol. Proton

Left-right symmetry no net quark OAM

Distortion due to correlations between       and

absent in             and            !GPD TMD

Lorcé, Pasquini (2011)

~k?

fixed      :       ~k?



favored

disfavored

up quark down quark

favored

unfavored

Unpol. quarks in Unpol. Proton

Monopole 
Distributions

f

q
1 (k

2
?) =

R
dxfq

1 (x, k
2
?)

• integrating over b⊥            transverse-momentum density  
→

Miller (2007); Burkardt (2007)

• integrating over k⊥
→

charge density in the transverse plane b⊥
→

fixed      :       ~k?



Generalized TMDs and Wigner Distributions

GTMDs

W
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                         4 X 4 =16 polarizations                         16 complex GTMDs (at twist-2) 

Quark polarization

Nucleon polarization
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Generalized TMDs and Wigner Distributions

GTMDs

W

�
⇤0,⇤(x, ⇠,~k?, ~�?)

                         4 X 4 =16 polarizations                         16 complex GTMDs (at twist-2) 

Quark polarization

Nucleon polarization
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Z
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��~
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  x: average fraction of quark 
     longitudinal momentum  

ξ: fraction of longitudinal momentum    
    transfer

k⊥: average quark transverse momentum  
→

Δ⊥ : nucleon transverse-momentum 
→



Generalized TMDs and Wigner Distributions

GTMDs

W

�
⇤0,⇤(x, ⇠,~k?, ~�?)

                         4 X 4 =16 polarizations                         16 complex GTMDs (at twist-2) 

Quark polarization

Nucleon polarization
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W̃
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Fourier transform

 16 real Wigner distributions



Pioneering lattice QCD studies

 g1T

 h1L⊥

genuine effect of intrinsic transverse momentum of quarks!

 g1T, h1L⊥ GPDs

Musch, Hagler, Negele, Schaefer, Europhysics Lett. 88 (2009) 61001 

 up  down

hkq
x

i
g1T ⇡ �hkq

x

i
h

?
1L

consistent with model 
calculations

BP, et al., PRD 78 (2008) 034025  



Model relation TMD        GPD

Burkardt, PRD 66 (2002) 114005

unpolarized quark in unpolarized nucleon
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The derivative in (66) can now act either on the quark
fields or on the Wilson lines. In the first case though,
one gets no contribution to the average transverse mo-
mentum, since the involved combination of Wilson lines
vanishes,
[

W+∞
(

− 1
2z; 1

2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= 0 . (67)

The result (67) is obvious because both Wilson lines are
just running along the light-cone.

On the other hand, if the derivative acts on the Wilson
lines, one finds

i ∂i
T

[

W+∞
(

− 1
2z; 1

2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= g

∫

dy− W
(

− 1
2z; y

)

ta F+i
a

(

y
)

W
(

y; 1
2z

)
∣
∣
∣y+=z+=0+

!yT =!zT =!0T

= 2W
(

− 1
2z; 1

2z
)

Iq,i
(

1
2z

)
∣
∣
∣z+=0+

!zT =!0T

, (68)

where the paths of the remaining Wilson lines run along
the light-cone and the function Iq,i is defined by

Iq,i
(

1
2z

)

=
g

2

∫

dy− W
(

1
2z; y

)

ta F+i
a

(

y
)

W
(

y; 1
2z

)
∣
∣
∣y+=z+

!yT =!zT

. (69)

Plugging the results together one arrives at the following
expression for the average transverse momentum,

〈

kq,i
T (x)

〉

UT

=
1

2

∫
dz−

2π
eik·z 〈

P ; #ST

∣
∣ ψ̄

(

− 1
2z

)

γ+

×W
(

− 1
2z; 1

2z
)

Iq,i
(

1
2z

)

ψ
(

1
2z

) ∣
∣P ; #ST

〉
∣
∣
∣z+=0+

!zT =!0T

.(70)

Equation (70) is a representation of the average trans-
verse momentum in terms of a specific quark-gluon-quark
light-cone correlator [36, 52, 64]. Since the gluon field in
the three-parton correlator in (70) has zero longitudinal
momentum one often talks about a soft gluon matrix el-
ement. The reader is referred to [65, 66, 67, 68] where
such (or similar) matrix elements were first discussed in
connection with transverse SSAs.

To unravel a possible connection between the Sivers
effect and the GPD Eq, in Ref. [36] the RHS of (70)
was transformed to the impact parameter space, where
it takes the form

〈

kq,i
T (x)

〉

UT

=
1

2

∫

d2#bT

∫
dz−

2π
eixP+z− 〈

P+,#0T ; S
∣
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(
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)

Iq,i
(

z2

)

ψ
(

z2

) ∣
∣P+,#0T ; S

〉

, (71)

with z1/2 as given in Eq. (36). Comparing the expression
in (71) with the correlator (34) for the quark GPDs in

impact parameter space (for Γ = γ+) one realizes that
the only difference is the additional factor Iq,i and an
integration upon the impact parameter #bT [36]. On the
basis of this observation one may hope to find a relation
of the type

〈

kq,i
T (x)

〉

UT
=

∫

d2#kT ki
T Φq(x,#kT ; S)

#
∫

d2#bT Iq,i(x,#bT )Fq(x,#bT ; S) , (72)

where, in rough terms, the function Iq,i incorporates the
effect of the gluon field in the correlator on the RHS
of (70). We mention that in the second term on the RHS
of (72) only the spin-dependent term of Fq contributes.

Expressed in terms of TMDs and GPDs Eq. (72) reads
〈

kq,i
T (x)

〉

UT

= −
∫

d2#kT ki
T

εjk
T kj

T Sk
T

M
f⊥q
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#
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d2#bT Iq,i(x,#bT )
εjk
T bj

T Sk
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M

(

Eq(x,#b 2
T )

)′

. (73)

Interestingly, the relation (73) is indeed fulfilled in
the context of perturbative low order model calcula-
tions [37] (see also Sec. IV). It also provides an intu-
itive understanding of the origin of the Sivers transverse
SSA [35, 36]. However, Eq. (73) does not have the sta-
tus of a general, model-independent result (see also, e.g.,
Ref. [69]). The crucial problem lies in the fact that, in
general, the average transverse momentum

〈

kq,i
T (x)

〉

UT
caused by the Sivers effect cannot be factorized into the
function Iq,i (called lensing function in [36]) and the dis-
tortion of the impact parameter distribution of quarks
in a transversely polarized target which is determined by
(Eq)′.

C. Generalization of relations

To get further insight into possible relations between
GPDs and TMDs, which at least may hold in the context
of model calculations, we now follow a procedure given
in Ref. [38]. The equations defining the GPDs in impact
parameter space [see Eqs. (38)–(41)] on the one hand
and the TMDs [see Eqs. (48)–(50) and (52)–(54)] on the
other obviously have a corresponding structure if one in-
terchanges the impact parameter #bT and the transverse
momentum #kT . Comparing these equations one directly
finds out which functions may be related. However, using
this procedure one cannot extract the precise form of the
relations. Note also that the two TMDs g1T and h⊥

1L have
no counterpart on the GPD side, as already pointed out
in Sec. II C. In the following we, respectively, talk about
relations of first, second, third, and fourth type, depend-
ing on the number of derivatives of the involved GPDs
in impact parameter space. In the case of quark distri-
butions the results given in this subsection were already
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The derivative in (66) can now act either on the quark
fields or on the Wilson lines. In the first case though,
one gets no contribution to the average transverse mo-
mentum, since the involved combination of Wilson lines
vanishes,
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Equation (70) is a representation of the average trans-
verse momentum in terms of a specific quark-gluon-quark
light-cone correlator [36, 52, 64]. Since the gluon field in
the three-parton correlator in (70) has zero longitudinal
momentum one often talks about a soft gluon matrix el-
ement. The reader is referred to [65, 66, 67, 68] where
such (or similar) matrix elements were first discussed in
connection with transverse SSAs.

To unravel a possible connection between the Sivers
effect and the GPD Eq, in Ref. [36] the RHS of (70)
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with z1/2 as given in Eq. (36). Comparing the expression
in (71) with the correlator (34) for the quark GPDs in

impact parameter space (for Γ = γ+) one realizes that
the only difference is the additional factor Iq,i and an
integration upon the impact parameter #bT [36]. On the
basis of this observation one may hope to find a relation
of the type

〈

kq,i
T (x)

〉

UT
=

∫

d2#kT ki
T Φq(x,#kT ; S)

#
∫

d2#bT Iq,i(x,#bT )Fq(x,#bT ; S) , (72)

where, in rough terms, the function Iq,i incorporates the
effect of the gluon field in the correlator on the RHS
of (70). We mention that in the second term on the RHS
of (72) only the spin-dependent term of Fq contributes.

Expressed in terms of TMDs and GPDs Eq. (72) reads
〈

kq,i
T (x)

〉

UT

= −
∫

d2#kT ki
T

εjk
T kj

T Sk
T

M
f⊥q
1T (x,#k 2

T )

#
∫

d2#bT Iq,i(x,#bT )
εjk
T bj

T Sk
T

M

(

Eq(x,#b 2
T )

)′

. (73)

Interestingly, the relation (73) is indeed fulfilled in
the context of perturbative low order model calcula-
tions [37] (see also Sec. IV). It also provides an intu-
itive understanding of the origin of the Sivers transverse
SSA [35, 36]. However, Eq. (73) does not have the sta-
tus of a general, model-independent result (see also, e.g.,
Ref. [69]). The crucial problem lies in the fact that, in
general, the average transverse momentum

〈

kq,i
T (x)

〉

UT
caused by the Sivers effect cannot be factorized into the
function Iq,i (called lensing function in [36]) and the dis-
tortion of the impact parameter distribution of quarks
in a transversely polarized target which is determined by
(Eq)′.

C. Generalization of relations

To get further insight into possible relations between
GPDs and TMDs, which at least may hold in the context
of model calculations, we now follow a procedure given
in Ref. [38]. The equations defining the GPDs in impact
parameter space [see Eqs. (38)–(41)] on the one hand
and the TMDs [see Eqs. (48)–(50) and (52)–(54)] on the
other obviously have a corresponding structure if one in-
terchanges the impact parameter #bT and the transverse
momentum #kT . Comparing these equations one directly
finds out which functions may be related. However, using
this procedure one cannot extract the precise form of the
relations. Note also that the two TMDs g1T and h⊥

1L have
no counterpart on the GPD side, as already pointed out
in Sec. II C. In the following we, respectively, talk about
relations of first, second, third, and fourth type, depend-
ing on the number of derivatives of the involved GPDs
in impact parameter space. In the case of quark distri-
butions the results given in this subsection were already

Sivers function Lensing function F.T. of E(x,0,t)

Burkardt, Pasquini, EPJ A52 (2016) 161



Model relation TMD        GPD

Burkardt, PRD 66 (2002) 114005

Distortion in impact parameter
(related to GPD E) 

unpolarized quark in transversely pol. nucleon

⦿

9

The derivative in (66) can now act either on the quark
fields or on the Wilson lines. In the first case though,
one gets no contribution to the average transverse mo-
mentum, since the involved combination of Wilson lines
vanishes,
[

W+∞
(

− 1
2z; 1

2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= 0 . (67)

The result (67) is obvious because both Wilson lines are
just running along the light-cone.

On the other hand, if the derivative acts on the Wilson
lines, one finds

i ∂i
T

[

W+∞
(

− 1
2z; 1

2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= g

∫

dy− W
(

− 1
2z; y

)

ta F+i
a

(

y
)

W
(

y; 1
2z

)
∣
∣
∣y+=z+=0+

!yT =!zT =!0T

= 2W
(

− 1
2z; 1

2z
)

Iq,i
(

1
2z

)
∣
∣
∣z+=0+

!zT =!0T

, (68)

where the paths of the remaining Wilson lines run along
the light-cone and the function Iq,i is defined by

Iq,i
(

1
2z

)

=
g

2

∫

dy− W
(

1
2z; y

)

ta F+i
a

(

y
)

W
(

y; 1
2z

)
∣
∣
∣y+=z+

!yT =!zT

. (69)

Plugging the results together one arrives at the following
expression for the average transverse momentum,

〈

kq,i
T (x)

〉

UT

=
1

2

∫
dz−

2π
eik·z 〈

P ; #ST

∣
∣ ψ̄

(

− 1
2z

)

γ+

×W
(

− 1
2z; 1

2z
)

Iq,i
(

1
2z

)

ψ
(

1
2z

) ∣
∣P ; #ST

〉
∣
∣
∣z+=0+

!zT =!0T

.(70)

Equation (70) is a representation of the average trans-
verse momentum in terms of a specific quark-gluon-quark
light-cone correlator [36, 52, 64]. Since the gluon field in
the three-parton correlator in (70) has zero longitudinal
momentum one often talks about a soft gluon matrix el-
ement. The reader is referred to [65, 66, 67, 68] where
such (or similar) matrix elements were first discussed in
connection with transverse SSAs.

To unravel a possible connection between the Sivers
effect and the GPD Eq, in Ref. [36] the RHS of (70)
was transformed to the impact parameter space, where
it takes the form

〈

kq,i
T (x)

〉

UT

=
1

2

∫

d2#bT

∫
dz−

2π
eixP+z− 〈

P+,#0T ; S
∣
∣ ψ̄

(

z1

)

γ+

×W
(

z1; z2

)

Iq,i
(

z2

)

ψ
(

z2

) ∣
∣P+,#0T ; S

〉

, (71)

with z1/2 as given in Eq. (36). Comparing the expression
in (71) with the correlator (34) for the quark GPDs in

impact parameter space (for Γ = γ+) one realizes that
the only difference is the additional factor Iq,i and an
integration upon the impact parameter #bT [36]. On the
basis of this observation one may hope to find a relation
of the type

〈

kq,i
T (x)

〉

UT
=

∫

d2#kT ki
T Φq(x,#kT ; S)

#
∫

d2#bT Iq,i(x,#bT )Fq(x,#bT ; S) , (72)

where, in rough terms, the function Iq,i incorporates the
effect of the gluon field in the correlator on the RHS
of (70). We mention that in the second term on the RHS
of (72) only the spin-dependent term of Fq contributes.

Expressed in terms of TMDs and GPDs Eq. (72) reads
〈

kq,i
T (x)

〉

UT

= −
∫

d2#kT ki
T

εjk
T kj

T Sk
T

M
f⊥q
1T (x,#k 2

T )

#
∫

d2#bT Iq,i(x,#bT )
εjk
T bj

T Sk
T

M

(

Eq(x,#b 2
T )

)′

. (73)

Interestingly, the relation (73) is indeed fulfilled in
the context of perturbative low order model calcula-
tions [37] (see also Sec. IV). It also provides an intu-
itive understanding of the origin of the Sivers transverse
SSA [35, 36]. However, Eq. (73) does not have the sta-
tus of a general, model-independent result (see also, e.g.,
Ref. [69]). The crucial problem lies in the fact that, in
general, the average transverse momentum

〈

kq,i
T (x)

〉

UT
caused by the Sivers effect cannot be factorized into the
function Iq,i (called lensing function in [36]) and the dis-
tortion of the impact parameter distribution of quarks
in a transversely polarized target which is determined by
(Eq)′.

C. Generalization of relations

To get further insight into possible relations between
GPDs and TMDs, which at least may hold in the context
of model calculations, we now follow a procedure given
in Ref. [38]. The equations defining the GPDs in impact
parameter space [see Eqs. (38)–(41)] on the one hand
and the TMDs [see Eqs. (48)–(50) and (52)–(54)] on the
other obviously have a corresponding structure if one in-
terchanges the impact parameter #bT and the transverse
momentum #kT . Comparing these equations one directly
finds out which functions may be related. However, using
this procedure one cannot extract the precise form of the
relations. Note also that the two TMDs g1T and h⊥

1L have
no counterpart on the GPD side, as already pointed out
in Sec. II C. In the following we, respectively, talk about
relations of first, second, third, and fourth type, depend-
ing on the number of derivatives of the involved GPDs
in impact parameter space. In the case of quark distri-
butions the results given in this subsection were already

9

The derivative in (66) can now act either on the quark
fields or on the Wilson lines. In the first case though,
one gets no contribution to the average transverse mo-
mentum, since the involved combination of Wilson lines
vanishes,
[

W+∞
(

− 1
2z; 1

2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= 0 . (67)

The result (67) is obvious because both Wilson lines are
just running along the light-cone.

On the other hand, if the derivative acts on the Wilson
lines, one finds

i ∂i
T

[

W+∞
(

− 1
2z; 1

2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= g

∫

dy− W
(

− 1
2z; y

)

ta F+i
a

(

y
)

W
(

y; 1
2z

)
∣
∣
∣y+=z+=0+

!yT =!zT =!0T

= 2W
(

− 1
2z; 1

2z
)

Iq,i
(

1
2z

)
∣
∣
∣z+=0+

!zT =!0T

, (68)

where the paths of the remaining Wilson lines run along
the light-cone and the function Iq,i is defined by

Iq,i
(

1
2z

)

=
g

2

∫

dy− W
(

1
2z; y

)

ta F+i
a

(

y
)

W
(

y; 1
2z

)
∣
∣
∣y+=z+

!yT =!zT

. (69)

Plugging the results together one arrives at the following
expression for the average transverse momentum,

〈

kq,i
T (x)

〉

UT

=
1

2

∫
dz−

2π
eik·z 〈

P ; #ST

∣
∣ ψ̄

(

− 1
2z

)

γ+

×W
(

− 1
2z; 1

2z
)

Iq,i
(

1
2z

)

ψ
(

1
2z

) ∣
∣P ; #ST

〉
∣
∣
∣z+=0+

!zT =!0T

.(70)

Equation (70) is a representation of the average trans-
verse momentum in terms of a specific quark-gluon-quark
light-cone correlator [36, 52, 64]. Since the gluon field in
the three-parton correlator in (70) has zero longitudinal
momentum one often talks about a soft gluon matrix el-
ement. The reader is referred to [65, 66, 67, 68] where
such (or similar) matrix elements were first discussed in
connection with transverse SSAs.

To unravel a possible connection between the Sivers
effect and the GPD Eq, in Ref. [36] the RHS of (70)
was transformed to the impact parameter space, where
it takes the form

〈

kq,i
T (x)

〉

UT

=
1

2

∫

d2#bT

∫
dz−

2π
eixP+z− 〈

P+,#0T ; S
∣
∣ ψ̄

(

z1

)

γ+

×W
(

z1; z2

)

Iq,i
(

z2

)

ψ
(

z2

) ∣
∣P+,#0T ; S

〉

, (71)

with z1/2 as given in Eq. (36). Comparing the expression
in (71) with the correlator (34) for the quark GPDs in

impact parameter space (for Γ = γ+) one realizes that
the only difference is the additional factor Iq,i and an
integration upon the impact parameter #bT [36]. On the
basis of this observation one may hope to find a relation
of the type

〈

kq,i
T (x)

〉

UT
=

∫

d2#kT ki
T Φq(x,#kT ; S)

#
∫

d2#bT Iq,i(x,#bT )Fq(x,#bT ; S) , (72)

where, in rough terms, the function Iq,i incorporates the
effect of the gluon field in the correlator on the RHS
of (70). We mention that in the second term on the RHS
of (72) only the spin-dependent term of Fq contributes.

Expressed in terms of TMDs and GPDs Eq. (72) reads
〈

kq,i
T (x)

〉

UT

= −
∫

d2#kT ki
T

εjk
T kj

T Sk
T

M
f⊥q
1T (x,#k 2

T )

#
∫

d2#bT Iq,i(x,#bT )
εjk
T bj

T Sk
T

M

(

Eq(x,#b 2
T )

)′

. (73)

Interestingly, the relation (73) is indeed fulfilled in
the context of perturbative low order model calcula-
tions [37] (see also Sec. IV). It also provides an intu-
itive understanding of the origin of the Sivers transverse
SSA [35, 36]. However, Eq. (73) does not have the sta-
tus of a general, model-independent result (see also, e.g.,
Ref. [69]). The crucial problem lies in the fact that, in
general, the average transverse momentum

〈

kq,i
T (x)

〉

UT
caused by the Sivers effect cannot be factorized into the
function Iq,i (called lensing function in [36]) and the dis-
tortion of the impact parameter distribution of quarks
in a transversely polarized target which is determined by
(Eq)′.

C. Generalization of relations

To get further insight into possible relations between
GPDs and TMDs, which at least may hold in the context
of model calculations, we now follow a procedure given
in Ref. [38]. The equations defining the GPDs in impact
parameter space [see Eqs. (38)–(41)] on the one hand
and the TMDs [see Eqs. (48)–(50) and (52)–(54)] on the
other obviously have a corresponding structure if one in-
terchanges the impact parameter #bT and the transverse
momentum #kT . Comparing these equations one directly
finds out which functions may be related. However, using
this procedure one cannot extract the precise form of the
relations. Note also that the two TMDs g1T and h⊥

1L have
no counterpart on the GPD side, as already pointed out
in Sec. II C. In the following we, respectively, talk about
relations of first, second, third, and fourth type, depend-
ing on the number of derivatives of the involved GPDs
in impact parameter space. In the case of quark distri-
butions the results given in this subsection were already
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The derivative in (66) can now act either on the quark
fields or on the Wilson lines. In the first case though,
one gets no contribution to the average transverse mo-
mentum, since the involved combination of Wilson lines
vanishes,
[

W+∞
(

− 1
2z; 1

2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= 0 . (67)

The result (67) is obvious because both Wilson lines are
just running along the light-cone.

On the other hand, if the derivative acts on the Wilson
lines, one finds

i ∂i
T

[

W+∞
(

− 1
2z; 1

2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= g

∫

dy− W
(

− 1
2z; y

)

ta F+i
a

(

y
)

W
(

y; 1
2z

)
∣
∣
∣y+=z+=0+

!yT =!zT =!0T

= 2W
(

− 1
2z; 1

2z
)

Iq,i
(

1
2z

)
∣
∣
∣z+=0+

!zT =!0T

, (68)

where the paths of the remaining Wilson lines run along
the light-cone and the function Iq,i is defined by

Iq,i
(

1
2z

)

=
g

2

∫

dy− W
(

1
2z; y

)

ta F+i
a

(

y
)

W
(

y; 1
2z

)
∣
∣
∣y+=z+

!yT =!zT

. (69)

Plugging the results together one arrives at the following
expression for the average transverse momentum,

〈

kq,i
T (x)

〉

UT

=
1

2

∫
dz−

2π
eik·z 〈

P ; #ST

∣
∣ ψ̄

(

− 1
2z

)

γ+

×W
(

− 1
2z; 1

2z
)

Iq,i
(

1
2z

)

ψ
(

1
2z

) ∣
∣P ; #ST

〉
∣
∣
∣z+=0+

!zT =!0T

.(70)

Equation (70) is a representation of the average trans-
verse momentum in terms of a specific quark-gluon-quark
light-cone correlator [36, 52, 64]. Since the gluon field in
the three-parton correlator in (70) has zero longitudinal
momentum one often talks about a soft gluon matrix el-
ement. The reader is referred to [65, 66, 67, 68] where
such (or similar) matrix elements were first discussed in
connection with transverse SSAs.

To unravel a possible connection between the Sivers
effect and the GPD Eq, in Ref. [36] the RHS of (70)
was transformed to the impact parameter space, where
it takes the form

〈

kq,i
T (x)

〉

UT

=
1

2

∫

d2#bT

∫
dz−

2π
eixP+z− 〈

P+,#0T ; S
∣
∣ ψ̄

(

z1

)

γ+

×W
(

z1; z2

)

Iq,i
(

z2

)

ψ
(

z2

) ∣
∣P+,#0T ; S

〉

, (71)

with z1/2 as given in Eq. (36). Comparing the expression
in (71) with the correlator (34) for the quark GPDs in

impact parameter space (for Γ = γ+) one realizes that
the only difference is the additional factor Iq,i and an
integration upon the impact parameter #bT [36]. On the
basis of this observation one may hope to find a relation
of the type

〈

kq,i
T (x)

〉

UT
=

∫

d2#kT ki
T Φq(x,#kT ; S)

#
∫

d2#bT Iq,i(x,#bT )Fq(x,#bT ; S) , (72)

where, in rough terms, the function Iq,i incorporates the
effect of the gluon field in the correlator on the RHS
of (70). We mention that in the second term on the RHS
of (72) only the spin-dependent term of Fq contributes.

Expressed in terms of TMDs and GPDs Eq. (72) reads
〈

kq,i
T (x)

〉

UT

= −
∫

d2#kT ki
T

εjk
T kj

T Sk
T

M
f⊥q
1T (x,#k 2

T )

#
∫

d2#bT Iq,i(x,#bT )
εjk
T bj

T Sk
T

M

(

Eq(x,#b 2
T )

)′

. (73)

Interestingly, the relation (73) is indeed fulfilled in
the context of perturbative low order model calcula-
tions [37] (see also Sec. IV). It also provides an intu-
itive understanding of the origin of the Sivers transverse
SSA [35, 36]. However, Eq. (73) does not have the sta-
tus of a general, model-independent result (see also, e.g.,
Ref. [69]). The crucial problem lies in the fact that, in
general, the average transverse momentum

〈

kq,i
T (x)

〉

UT
caused by the Sivers effect cannot be factorized into the
function Iq,i (called lensing function in [36]) and the dis-
tortion of the impact parameter distribution of quarks
in a transversely polarized target which is determined by
(Eq)′.

C. Generalization of relations

To get further insight into possible relations between
GPDs and TMDs, which at least may hold in the context
of model calculations, we now follow a procedure given
in Ref. [38]. The equations defining the GPDs in impact
parameter space [see Eqs. (38)–(41)] on the one hand
and the TMDs [see Eqs. (48)–(50) and (52)–(54)] on the
other obviously have a corresponding structure if one in-
terchanges the impact parameter #bT and the transverse
momentum #kT . Comparing these equations one directly
finds out which functions may be related. However, using
this procedure one cannot extract the precise form of the
relations. Note also that the two TMDs g1T and h⊥

1L have
no counterpart on the GPD side, as already pointed out
in Sec. II C. In the following we, respectively, talk about
relations of first, second, third, and fourth type, depend-
ing on the number of derivatives of the involved GPDs
in impact parameter space. In the case of quark distri-
butions the results given in this subsection were already

9

The derivative in (66) can now act either on the quark
fields or on the Wilson lines. In the first case though,
one gets no contribution to the average transverse mo-
mentum, since the involved combination of Wilson lines
vanishes,
[

W+∞
(

− 1
2z; 1

2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= 0 . (67)

The result (67) is obvious because both Wilson lines are
just running along the light-cone.

On the other hand, if the derivative acts on the Wilson
lines, one finds

i ∂i
T

[

W+∞
(

− 1
2z; 1

2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= g

∫

dy− W
(

− 1
2z; y

)

ta F+i
a

(

y
)

W
(

y; 1
2z

)
∣
∣
∣y+=z+=0+
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= 2W
(
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2z; 1

2z
)

Iq,i
(

1
2z

)
∣
∣
∣z+=0+

!zT =!0T

, (68)

where the paths of the remaining Wilson lines run along
the light-cone and the function Iq,i is defined by

Iq,i
(

1
2z

)

=
g

2

∫

dy− W
(

1
2z; y

)

ta F+i
a

(

y
)

W
(

y; 1
2z

)
∣
∣
∣y+=z+

!yT =!zT

. (69)

Plugging the results together one arrives at the following
expression for the average transverse momentum,

〈
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〉
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∫
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2π
eik·z 〈
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∣
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(

− 1
2z

)
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×W
(

− 1
2z; 1
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)

Iq,i
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1
2z

)

ψ
(

1
2z

) ∣
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〉
∣
∣
∣z+=0+

!zT =!0T

.(70)

Equation (70) is a representation of the average trans-
verse momentum in terms of a specific quark-gluon-quark
light-cone correlator [36, 52, 64]. Since the gluon field in
the three-parton correlator in (70) has zero longitudinal
momentum one often talks about a soft gluon matrix el-
ement. The reader is referred to [65, 66, 67, 68] where
such (or similar) matrix elements were first discussed in
connection with transverse SSAs.

To unravel a possible connection between the Sivers
effect and the GPD Eq, in Ref. [36] the RHS of (70)
was transformed to the impact parameter space, where
it takes the form

〈

kq,i
T (x)

〉

UT

=
1

2

∫

d2#bT

∫
dz−

2π
eixP+z− 〈

P+,#0T ; S
∣
∣ ψ̄

(

z1

)

γ+

×W
(

z1; z2

)

Iq,i
(

z2

)

ψ
(

z2

) ∣
∣P+,#0T ; S

〉

, (71)

with z1/2 as given in Eq. (36). Comparing the expression
in (71) with the correlator (34) for the quark GPDs in

impact parameter space (for Γ = γ+) one realizes that
the only difference is the additional factor Iq,i and an
integration upon the impact parameter #bT [36]. On the
basis of this observation one may hope to find a relation
of the type

〈

kq,i
T (x)

〉

UT
=

∫

d2#kT ki
T Φq(x,#kT ; S)

#
∫

d2#bT Iq,i(x,#bT )Fq(x,#bT ; S) , (72)

where, in rough terms, the function Iq,i incorporates the
effect of the gluon field in the correlator on the RHS
of (70). We mention that in the second term on the RHS
of (72) only the spin-dependent term of Fq contributes.

Expressed in terms of TMDs and GPDs Eq. (72) reads
〈

kq,i
T (x)

〉

UT
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∫
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εjk
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M
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T )

)′

. (73)

Interestingly, the relation (73) is indeed fulfilled in
the context of perturbative low order model calcula-
tions [37] (see also Sec. IV). It also provides an intu-
itive understanding of the origin of the Sivers transverse
SSA [35, 36]. However, Eq. (73) does not have the sta-
tus of a general, model-independent result (see also, e.g.,
Ref. [69]). The crucial problem lies in the fact that, in
general, the average transverse momentum

〈

kq,i
T (x)

〉

UT
caused by the Sivers effect cannot be factorized into the
function Iq,i (called lensing function in [36]) and the dis-
tortion of the impact parameter distribution of quarks
in a transversely polarized target which is determined by
(Eq)′.

C. Generalization of relations

To get further insight into possible relations between
GPDs and TMDs, which at least may hold in the context
of model calculations, we now follow a procedure given
in Ref. [38]. The equations defining the GPDs in impact
parameter space [see Eqs. (38)–(41)] on the one hand
and the TMDs [see Eqs. (48)–(50) and (52)–(54)] on the
other obviously have a corresponding structure if one in-
terchanges the impact parameter #bT and the transverse
momentum #kT . Comparing these equations one directly
finds out which functions may be related. However, using
this procedure one cannot extract the precise form of the
relations. Note also that the two TMDs g1T and h⊥

1L have
no counterpart on the GPD side, as already pointed out
in Sec. II C. In the following we, respectively, talk about
relations of first, second, third, and fourth type, depend-
ing on the number of derivatives of the involved GPDs
in impact parameter space. In the case of quark distri-
butions the results given in this subsection were already

Sivers function Lensing function F.T. of E(x,0,t)

Burkardt, Pasquini, EPJ A52 (2016) 161



Key information from TMDs

•Spin-Spin and Spin-Orbit Correlations of partons

•Transverse momentum size

•Test what we can calculate with QCD (perturbative and lattice)

•Non-perturbative structure we cannot calculate with QCD



Lattice Calculations of Angular Momentum
without disconnected insertion

connected insertions (CI)



Lattice Calculations of Angular Momentum
without disconnected insertion

connected insertions (CI)

with disconnected insertion

disconnected insertions (DI)

Deka et al., PRD 91 (2015) 014505

Lu + Ld ⇡ 33%



Angular Momentum Relation (“Ji’s Sum Rule”)
X. Ji, PRL 78 (1997) 610

not directly accessibleunpolarized PDF

 quark and gluon contribution to the nucleon spin

Proton spin decomposition

gauge invariant decomposition no further gauge-invariant 
decompositionsum rule for      from twist-3 GPDs

from DIS



Model relation TMD        GPD

Burkardt, PRD 66 (2002) 114005

unpolarized quark in unpolarized nucleon



Model relation TMD        GPD

Burkardt, PRD 66 (2002) 114005

Distortion in impact parameter
(related to GPD E) 

unpolarized quark in transversely pol. nucleon

⦿



Model relation TMD        GPD

Burkardt, PRD 66 (2002) 114005

Distortion in transverse momentum
(related to Sivers function) 

Final-state interaction
(lensing function)

⦿



Model relation TMD        GPD

Burkardt, PRD 66 (2002) 114005

Distortion in transverse momentum
(related to Sivers function) 

Final-state interaction
(lensing function)

⦿
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The derivative in (66) can now act either on the quark
fields or on the Wilson lines. In the first case though,
one gets no contribution to the average transverse mo-
mentum, since the involved combination of Wilson lines
vanishes,
[
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2z
)

−W−∞
(

− 1
2z; 1

2z
)
] ∣
∣
∣z+=0+

!zT =!0T

= 0 . (67)

The result (67) is obvious because both Wilson lines are
just running along the light-cone.

On the other hand, if the derivative acts on the Wilson
lines, one finds
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where the paths of the remaining Wilson lines run along
the light-cone and the function Iq,i is defined by
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1
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2
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Plugging the results together one arrives at the following
expression for the average transverse momentum,

〈

kq,i
T (x)

〉

UT

=
1

2

∫
dz−

2π
eik·z 〈

P ; #ST

∣
∣ ψ̄

(

− 1
2z

)

γ+

×W
(

− 1
2z; 1

2z
)

Iq,i
(

1
2z

)

ψ
(

1
2z

) ∣
∣P ; #ST

〉
∣
∣
∣z+=0+
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.(70)

Equation (70) is a representation of the average trans-
verse momentum in terms of a specific quark-gluon-quark
light-cone correlator [36, 52, 64]. Since the gluon field in
the three-parton correlator in (70) has zero longitudinal
momentum one often talks about a soft gluon matrix el-
ement. The reader is referred to [65, 66, 67, 68] where
such (or similar) matrix elements were first discussed in
connection with transverse SSAs.

To unravel a possible connection between the Sivers
effect and the GPD Eq, in Ref. [36] the RHS of (70)
was transformed to the impact parameter space, where
it takes the form

〈

kq,i
T (x)

〉

UT
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1

2

∫

d2#bT
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)

ψ
(

z2
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〉

, (71)

with z1/2 as given in Eq. (36). Comparing the expression
in (71) with the correlator (34) for the quark GPDs in

impact parameter space (for Γ = γ+) one realizes that
the only difference is the additional factor Iq,i and an
integration upon the impact parameter #bT [36]. On the
basis of this observation one may hope to find a relation
of the type

〈

kq,i
T (x)

〉

UT
=

∫

d2#kT ki
T Φq(x,#kT ; S)

#
∫

d2#bT Iq,i(x,#bT )Fq(x,#bT ; S) , (72)

where, in rough terms, the function Iq,i incorporates the
effect of the gluon field in the correlator on the RHS
of (70). We mention that in the second term on the RHS
of (72) only the spin-dependent term of Fq contributes.

Expressed in terms of TMDs and GPDs Eq. (72) reads
〈

kq,i
T (x)

〉

UT

= −
∫
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εjk
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M
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(
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T )
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. (73)

Interestingly, the relation (73) is indeed fulfilled in
the context of perturbative low order model calcula-
tions [37] (see also Sec. IV). It also provides an intu-
itive understanding of the origin of the Sivers transverse
SSA [35, 36]. However, Eq. (73) does not have the sta-
tus of a general, model-independent result (see also, e.g.,
Ref. [69]). The crucial problem lies in the fact that, in
general, the average transverse momentum

〈

kq,i
T (x)

〉

UT
caused by the Sivers effect cannot be factorized into the
function Iq,i (called lensing function in [36]) and the dis-
tortion of the impact parameter distribution of quarks
in a transversely polarized target which is determined by
(Eq)′.

C. Generalization of relations

To get further insight into possible relations between
GPDs and TMDs, which at least may hold in the context
of model calculations, we now follow a procedure given
in Ref. [38]. The equations defining the GPDs in impact
parameter space [see Eqs. (38)–(41)] on the one hand
and the TMDs [see Eqs. (48)–(50) and (52)–(54)] on the
other obviously have a corresponding structure if one in-
terchanges the impact parameter #bT and the transverse
momentum #kT . Comparing these equations one directly
finds out which functions may be related. However, using
this procedure one cannot extract the precise form of the
relations. Note also that the two TMDs g1T and h⊥

1L have
no counterpart on the GPD side, as already pointed out
in Sec. II C. In the following we, respectively, talk about
relations of first, second, third, and fourth type, depend-
ing on the number of derivatives of the involved GPDs
in impact parameter space. In the case of quark distri-
butions the results given in this subsection were already

9

The derivative in (66) can now act either on the quark
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Plugging the results together one arrives at the following
expression for the average transverse momentum,
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Equation (70) is a representation of the average trans-
verse momentum in terms of a specific quark-gluon-quark
light-cone correlator [36, 52, 64]. Since the gluon field in
the three-parton correlator in (70) has zero longitudinal
momentum one often talks about a soft gluon matrix el-
ement. The reader is referred to [65, 66, 67, 68] where
such (or similar) matrix elements were first discussed in
connection with transverse SSAs.

To unravel a possible connection between the Sivers
effect and the GPD Eq, in Ref. [36] the RHS of (70)
was transformed to the impact parameter space, where
it takes the form
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with z1/2 as given in Eq. (36). Comparing the expression
in (71) with the correlator (34) for the quark GPDs in

impact parameter space (for Γ = γ+) one realizes that
the only difference is the additional factor Iq,i and an
integration upon the impact parameter #bT [36]. On the
basis of this observation one may hope to find a relation
of the type

〈
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〉
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=

∫
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∫
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where, in rough terms, the function Iq,i incorporates the
effect of the gluon field in the correlator on the RHS
of (70). We mention that in the second term on the RHS
of (72) only the spin-dependent term of Fq contributes.

Expressed in terms of TMDs and GPDs Eq. (72) reads
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Interestingly, the relation (73) is indeed fulfilled in
the context of perturbative low order model calcula-
tions [37] (see also Sec. IV). It also provides an intu-
itive understanding of the origin of the Sivers transverse
SSA [35, 36]. However, Eq. (73) does not have the sta-
tus of a general, model-independent result (see also, e.g.,
Ref. [69]). The crucial problem lies in the fact that, in
general, the average transverse momentum
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〉

UT
caused by the Sivers effect cannot be factorized into the
function Iq,i (called lensing function in [36]) and the dis-
tortion of the impact parameter distribution of quarks
in a transversely polarized target which is determined by
(Eq)′.

C. Generalization of relations

To get further insight into possible relations between
GPDs and TMDs, which at least may hold in the context
of model calculations, we now follow a procedure given
in Ref. [38]. The equations defining the GPDs in impact
parameter space [see Eqs. (38)–(41)] on the one hand
and the TMDs [see Eqs. (48)–(50) and (52)–(54)] on the
other obviously have a corresponding structure if one in-
terchanges the impact parameter #bT and the transverse
momentum #kT . Comparing these equations one directly
finds out which functions may be related. However, using
this procedure one cannot extract the precise form of the
relations. Note also that the two TMDs g1T and h⊥

1L have
no counterpart on the GPD side, as already pointed out
in Sec. II C. In the following we, respectively, talk about
relations of first, second, third, and fourth type, depend-
ing on the number of derivatives of the involved GPDs
in impact parameter space. In the case of quark distri-
butions the results given in this subsection were already

Sivers function Lensing function F.T. of E(x,0,t)

Successful phenomenological applications: 

Gamberg, Schlegel, PLB 685 (2010) 95

Bacchetta, Radici, PRL 107 (2011) 212001



Conclusions

•TMDs and GPDs extend the concept of standard PDFs and provide a 3D description 
  of the partonic structure of the nucleon

•TMDs and GPDs provide complementary information and allow us to investigate 
  aspects of nucleon structure that are not accessible to standard collinear PDFs

•A lot of data is already available, but we expect more from e+e−, SIDIS at higher 
  energies, Drell-Yan, DVCS, ....

•Some parametrizations of TMDs and GPDs are available, but we are a long way from 
  anything similar to PDF global fits
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