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Schwinger-Dyson Equations



Schwinger-Dyson Equations
QED Action:

provides information about dynamical 
chiral symmetry breaking,  quark 
confinement, hadron spectroscopy



Quark Propagator in Landau Gauge  

Quark (Fermion) Wave-Function Renormalisation

 Running Mass Function

In Continuum In Discrete          



In Continuum 

Improved Wilson, Clover Fermion Action (Sheikholeslami-Wohlert)  in Discrete          

Other fermion actions  such as  Staggered, 
overlap fermions are used in different studies… 

However continuum limit must stay the same



O(a) improvement of quark wave function

tree level const.:

SW action, an O(a) improved quark propagator:

O(a) improvement of quark propagator



Lattice quark propagator:

tree-level quark wave function

The O(a) improved quark propagator suffers from large tree-level lattice artefacts 
(due to broken, rotational symmetry and finite lattice spacing) which complicate the 
determination of the physical momentum dependence of the form factors.

Need to remove lattice artefacts:
•  momentum cuts (cylinder cut)                                                                          

select momenta close to the diagonal in 4-dim  momentum space,    
     which   have the smallest hypercubic artefacts.
• tree level correction  



Improved Wilson, Clover Fermion Action Rotated (Sheikholeslami-Wohlert) 
in Discrete          

Simulation Parameters:

The quark propagator using state-of-the art gauge configurations with 
Nf = 2 flavors of O(a) improved Wilson fermion

• The configurations from Regensburg Collaboration(RQCD) is used for this 
project

    

       G. S. Bali et all, Phys Rev D91, 054501 (2014) [arXiv:1412.7336]

• The calculations ( gauge fixing , propagators) where performed using the
     HLRN (Germany) for supercomputing
     https://www.hlrn.de/home/view/Service
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All 4 ensembles on the 323 x 64 volume, 
using the tree-level corrected Z(p)

Quark wave function renormalisation in Landau Gauge



Quark Wave-function for  two lattice volumes at b = 5.29, k =0.13632
 

Finite Volume Effects 



Quark Wave Function for the lighter quark masses 

b = 5.29, a=0.07



Mass function 

All 4 ensembles on the 323 x 64 volume, using the hybrid correction 
scheme for M(p).



Mass function for  two lattice volumes at b = 5.29, k =0.13632

Finite Volume Effects 



Quark Mass Function for the lighter quark masses 

M = 319 ± 16 MeV     @ p= 136 MeV  for mp=150 MeV

M = 349.7 ± 5.2 MeV @ p= 136 MeV  for mp=290 MeV
b = 5.29, a=0.07



Summary on the Quark Propagator:

•  M = 319 ± 16 MeV     @ p= 136 MeV  for mp=150 MeV
   M = 349.7 ± 5.2 MeV @ p= 136 MeV  for mp=290 MeV

• lattice artefacts under control for Z(p2) but not for for M(p2)

• quark wave function seems to be lattice space  independent at    
   UV but not in the IR and it has very weak volume dependence.

• Z(p2) suppressed in IR and further suppressed as the quark 
mass and lattice spacing reduced but the supresion is 
weakened as the volume is increased.

 



Quark Gluon Vertex 



Determining Quark-Gluon Vertex 

1-Determining qqg vertex perturbatively

3-Non-perturbatively in discreet space by using lattice gauge field theory

2- Non-perturbatively in continuum by using SDE 



1-Determining qqg vertex perturbatively:
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2- Non-perturbatively in continuum by using SDE 
a-Either by solving DSE for the vertex itself… 

b-By solving coupled SDE for the propagators self consistently     
    by imposing constraints on Green’s functions …
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c- By using Ward-Green-Takahashi identities…
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3-Non-perturbatively in discreet space by using lattice gauge field 
theory
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Zeroth order:

One-loop ABELIAN (QED) contribution:

WTI
One-loop NON- ABELIAN contribution:

Ghost-Quark Scattering Kernel

Slavnov_Taylor Identity:



In Perturbation theory:

= + + + ...

(Color factors in Fundamental and Adjoint  Rep.)

(for QED)



What do we know about the Form Factors?

In QED: 

In QCD: 

Form Factors of ghost-quark scattering kernel

In Continuum:



Ø Soft Gluon Kinematics : 

Perturbative li : 

A. I. Davydychev, P. Osland and L. Saks, Phys.Rev.D63(2000) 014022
                      (General covariant gauge, 1-loop)



Longitudinal Basis 

Transverse Basis

Quark Gluon Vertex

k = p-q



Transverse Projection

Dmn-1   does not exist, so we will be looking at transverse projection

We study transverse projected vertex:



In discrete: 

What do we know about the Form Factors?

Some of the Form Factors in Special Kinematics in Landau gauge are 
calculated in  quenched QCD with O(a) improved Wilson fermions.

QUARK-GLUON VERTEX WILL BE STUDIED IN LANDAU GAUGE WITH 
DYNAMICAL FERMIONS 

WORK IS IN PROGRESS…

Quark-gluon vertex on the lattice :

But!

J.Skullerud, A.Kizilersu, JHEP09(2002)013
J. Skullerud,P. Bowman, A.Kizilersu, D.Leinweber,A.Williams, JHEP04(2003)047



General Kinematics:

1)

2)

3)

4)



General Kinematics:

In Continuum:

On the lattice:

1)

Tree-level correction:



Ø Soft Gluon Kinematics : 

Quark-Gluon Vertex in Special Kinematics



Ø Soft Gluon Kinematics : 

Quark-Gluon Vertex in Special Kinematics

Tree-level correction :



Ø Soft Gluon Kinematics : 

Quark-Gluon Vertex in Special Kinematics

Tree Level Expression:

Tree Level Expression:



Ø Soft Gluon Kinematics : 

Quark-Gluon Vertex in Special Kinematics

Tree Level Expression:



without TL

with TL

with and without tree-level correction l1

without TL

with TL

Quenched, Nf = 0 Unquenched, Nf = 2

Unquenched, Nf = 2

without TL

643x64

323x64323x64

Soft gluon Kinematics (Asymmetric) 





TL corrected, binned data



Without tree-level correction l1

Soft gluon Kinematics (Asymmetric) 



With tree-level correction l1
Volume dependence

Soft gluon Kinematics (Asymmetric) 



without tree-level correction l2

Quenched, Nf  = 0

Unquenched, Nf = 2Unquenched, Nf = 2



without tree-level correction l2





Without tree-level correction l2
Volume dependence

Soft gluon Kinematics (Asymmetric) 



without tree-level correction l3
Unquenched, Nf = 2

323x64

Unquenched, Nf = 2

Quenched, Nf = 2



Without tree-level correction l3



Without tree-level correction l3
Volume dependence

Soft gluon Kinematics (Asymmetric) 



With tree-level correction l3
Unquenched versus Quenched



Hirarchy of Form Factors  

Quenched, Nf  = 0

Quenched, Nf  = 0

Unquenched, Nf  = 2

Unquenched, Nf  = 2

Soft gluon Kinematics (Asymmetric)



Hirarchy of Form Factors  



Quark-Gluon Vertex in Special Kinematics

ØOrthogonal Kinematics : 

ØGeneral Kinematics : 

Conclusion:

ØHard Reflection Kinematics : 

ØSoft Gluon Kinematics : 



Summary and Outlook

u  high statistics quark propagator and quark-gluon 
vertex    

      computation closer to the physical point

u   l1 IR enhanced
u   l2  IR  strongly enhanced
u   l3  IR  suppressed
u   Finite volume effects for Z(p2) are under control but 

for     
      mass   M(p2) needs to be better understood
u   qualitative agreement with quark-gluon models
u   explore further kinematics + form factors of the 

vertex
u   need to have a better understanding of the lattice    
       artefacts





Kizilersu-Pennington Unquenched Vertex

• Unquenched transverse vertex with q2 dependence
• It respects MR and gauge invariance
• It satisfies the fermion and photon SDE’s in all orders in leading logarithms for 

massless QED.

A.Kizilersu and M.R. Pennington,Phys.Rev.D79,(2009),125020 
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