Two-level interacting boson models beyond the mean field
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Summary

* The model.
e \What iIs the valid order of the mean field?

* Holstein-Primakoff expansion plus Bogoliubov
transformation.

© Ground, one- and two-phonon state properties.
© Spherical and deformed case.
° Energies and number of bosons.

* Numerical results.

®* Conclusions.
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The Hamiltonian and the wave function (1)

* The Hamiltonian.

1—Xx
H :XHL—TQX-QX,

QX = (s"L+L's){) +x[LT x L],

where L, = (—1)ML_,..
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The Hamiltonian and the wave function (ll)

* The wave function.

1 F\N
’C>—ﬁ(rc) 0),
where forL=0
rm— L (s"+Bt")
C 1—|—B2
and for L =2
Mo = (suﬁcos,yoluiﬁsiny(dudT ))
C m 0 \/é 2 -2 y
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The valid order of the mean field

* Schematic mean field energy for the ground state.

E(N, B, Y, X, X) =NFYB, y, x, X) - (N=DF@ B, y, x, %),

* Only the highest order in N is meaningful!
* The energy reduces to:

Exe (N, B, v, % X) =N [FUB, v, %, X)+FP(B, v, x x)|

I 2 _
EN, B, % ¥) =N a2 [5x—4+xB +By(x 1)(4+By)},
where y = x(L,0;L,0|L,0). In the case L=2, y= —X, /5.
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The Holstein-Primakoff (HP) expansion (I)

* The HP transformation provides quantum corrections to the
mean field through a precise clasification in powers of 1/N:

° Itis a Hermitian transformation.
° It preserves the boson conmutation relations.
© |t provides a correct expansion in N.

* The transformation:
LILy = b'b,,
LIs = NY2bl(1—np/N)¥2 = (s'L,)T,

s's = N-—np,
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The Holstein-Primakoff (HP) expansion (II)

* We next introduce the c-bosons through a shift
transformation

T _ * T
bl = vNA' +cl,

where the A,'s are complex numbers which form a

(2L 4+ 1)-dimensional vector. We shall only consider the
case Ag # 0 without loss of generality.
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The Holstein-Primakoff (HP) expansion (l1)

—  NIAZ {5x— 4— 4(x— DAZ + (x— D)Xag oo [4(1 _AHV2 xagfgxo} } +

—4N3+3
NY/2), <cg + Co) {5x— 4—8\5(x—1)+2(x— 1)X0(8,'3?\o [ i )‘\32)1/2 Xa(L))\ ] }
0

NO{ 3x—2— 6AZ(x—1)] ne + (x— 1) [(2L+ 1)
—(2L+3)M+ (1-73) (PE+Pe) — 203 (c32+2cgco+c§)} +

L L L
2X (X — ){)\0(1 A5 1/2[ ZLGOJ—FZC ey [( 1)“aﬁ,lu+aéﬂ +(—1)“0(L3( Tl e u)]
pH=—

)‘80‘8—8 +2 % 2 )‘SO‘E)L()) 12 1 2
ST 2+3 ()" +2cfco+co ) +2nc | - YT (14" +2dfco+ <) }+

2
+X%(x— 1))\2{1+ Z 2l uCu [( 1)“0(&30(&1“+a&& ] +(—1)“0((()& ( El Tu+cuc )}}‘l—O(l/\/N)
p=—L

where afy = (L, i Lv|L, p+Vv) and P = ¢t ¢t = (Pc)". Ao = Bo/y/1+ B2,
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Bogoliubov transformation

* We introduce a new kind of bosons, ¢, for transforming the
Hamiltonian into a diagonal form.

t_ t %
Cp = U&,+Vulp

- t
Cu = UutVig,

where the coefficients verify ug — v = 1, with u, = u_, and
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The spherical case

* The Hamiltonian:

= ZL—z+1 —x+Z(02] +ng =02+ O(1/N),

where =(X) = X(5x—4) and n; is the number operator for &
bosons.

* The L-boson number operator:

m) = @-x2a [,
e = 2y [T - 1] o)

(N)pe = (NL)gs+ P [%} + O(1/N).
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The deformed cas@d. = 2)

* The Hamiltonian:

H = E(xyBo)+ [_5x+(19x—24)sg+12(x—1)y38]

2(1+B3)
i CDIJ(Xa Y, BO) 1/2

+ 2: >

p=—-2

+ ng, @ 2(x,Y, Bo) + O(L/N),

* The d-boson number operator:

B3
1+ B3

(N)gs = N +(1—x)23(2( = [—5x+(19x—24)[3§

ox \ 2(1+B2)(1—x)
S Py, Bo)l/2>

+ 12— 1yB3| +

=P 2(1—Xx)
d ( DXy, Bo)Y2
(M)pg, = (M)gs p(l—x)za—x ( H<X1y_[§(0) ) :

* {o— B, &2V
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Excitation energies (analytical) fir= 2 andy = —/7/2

12

=
o

Excitation energy
o

1
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Exc. energies (analyt. and num.) foe= 2 andx = —/7/2, N = 100 in the critical area
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Exc. energies (analyt. and num.) foe= 2 andx = —/7/2, N = 100 in the critical area
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(ng) /N for L =2 andx = —v/7/2,N = 100
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Summary and conclusions

* We have applied the HP+Bogoliubov expansion to
two-level models for getting a 1/N expansion of the energy
and other observables.

* The mean field energy is only valid for the higher order of
N.

* We get a rather good description of the ground state, one
and two phonon excitations around the critical area.
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Some remarks on the critical area

°* B=0is always a stationary point.

* For x # 0 there exists a region where two minima coexist.
This region is delimited by the antispinodal 3 = 0 and the

spinodal point:
3
3X a B\ 2
=—|1—(1+—
3Xx—4 3 ( ( +ﬁl> )

where 2 = (4—3x+2(x—1)y?)? and 3 = 36y?(x—1)2. In
the SU(3) case x~ 0.820361

* The critical point, x; is defined as the situation in which the
spherical and the deformed minima are degenerated.

~ 4+y* 44 X%(L,0;LO|L,0)?

- 54y2  54%2(L,0;LO|L,0)2

Xc

In the SU(3) limit x; =9/11.
|
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The phase diagram of IBM

SU(3)

AV

spinodal critical antispinodal
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Excitation energies for = 0, N = 1000 andy = —v/7/2
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Exc. energies (analyt. and num.) for= 2 andyx = —+/7/2,N = 100 in the deformed ph.
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=
N
I

1.19—

Excitation energy

I ! I ! I ! I
1.1
80.7956 0.7958 0.796 0.7962
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Level repulsiorlL = 2 andy = —+/7/2,N = 100: (ng) /N
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