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Vibro-rotational spectrum
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Geometric representation of β and γ vibrations
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Some experimental data

• 106Mo: 1435 keV (Kπ = 4+)

• 154−156Gd: (Kπ = 4+)

• 164Dy: 2173 (Kπ = 4+)

• 166Er: 1943 keV (Kπ = 0+), 2028 keV (Kπ = 4+)

• 168Er: 2055 keV (Kπ = 4+)

• 186−192Os, 194Pt

Degree of anharmonicity

• 164Dy:
E∗(4+

γ2)

E∗(2+

γ
)

= 2.95

• 166Er:
E∗(0+

γ2)

E∗(2+

γ
)

= 2.47

• 166Er:
E∗(4+

γ2)

E∗(2+

γ
)

= 2.58

• 168Er:
E∗(4+

γ2)

E∗(2+

γ
)

= 2.50
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The Interacting Boson Model

• The IBM is a model which describes the low lying collective states

of medium mass and heavy nuclei.

• It can be considered as an approximation to the Shell Model. Two

steps are necessary: truncation of the Shell Model space and

bosonization of the nucleon pairs.

S

D

L=2

L=0

Nucleons

Bosons

• The IBM can also be considered as the second quantization of the

shape variables of the Geometric Collective Model.
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Algebraic structure of the IBM

s†, d†m(m = 0,±1,±2)

s, dm(m = 0,±1,±2)
−→

γ†
lm, γlm

(l = 0, 2; − l ≤ m ≤ l)

[γlm, γ†
l′m′] = δll′δmm, [γ†

lm, γ†
l′m′] = 0, [γlm, γl′m′] = 0

• The dynamical algebra of the IBM is U(6).

Generators U(6): Ĝij = γ†
i γj, with i, j = 1, . . . , 6.

[Ĝij, Ĝkl] = Ĝilδjk − Ĝjkδil

• Every dynamic operator can be written in terms of U(6)
generators.

Ĥ =
∑

ij

εijγ
†
i γj +

∑

ijkl

Vijklγ
†
i γ

†
jγkγl

T̂ =
∑

ij

tijγ
†
i γj
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Generic Hamiltonian

Ĥ = εsn̂s + εdn̂d + κ0P̂
† P̂ + κ1L̂ · L̂

+ κ2Q̂ · Q̂ + κ3T̂3 · T̂3 + κ4T̂4 · T̂4,

where n̂s and n̂d are the s and d boson number operators,

respectively, and

P̂ † =
1

2
d† · d† − 1

2
s† · s†,

L̂ =
√

10(d† × d̃)(1),

Q̂ = s†d̃ + d†s̃ + χ(d† × d̃)(2),

T̂3 = (d† × d̃)(3)

T̂4 = (d† × d̃)(4).
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SU(3) limit
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Some definitions

Energy ratios.

Rγ
0 ≡ Ex(0

+
γγ)

Ex(2+
γ ) − Ex(2

+
1 )

, Rγ
4 ≡ Ex(4

+
γγ) − Ex(4

+
1 )

Ex(2+
γ ) − Ex(2

+
1 )



'

&

$

%

First extension: 3-body terms

Hamiltonian.

Ĥ = −κQ̂ · Q̂ + κ′L̂ · L̂
+

∑

l=0,2,3,4,6

θl

(

(d† × d†)(k) × d†
)(l) ·

(

(d̃ × d̃)(k) × d̃
)(l)
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Realistic calculation for 166Er. Three-body Hamiltonian
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Experimental (a) and theoretical (b) spectra for 166Er. Hamiltonian
parameters: κ = 23.8 keV, χ = −0.55, κ′ = −1.9 keV, and θ4 = 31.3
keV. N = 15.
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Moment of inertia with a 3-body Hamiltonian
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Beyond 3-body terms: 4-body terms?

• An analytic approximation. The SU(3) limit.

Ĥ = a Ĉ2[SU(3)] + b Ĉ3[SU(3)] + c Ĉ2[SU(3)]2

Eigenvalues.

〈(λ, µ)|Ĥ|(λ, µ)〉 = a(λ2 + µ2 + λµ + 3λ + 3µ)

+ b(λ − µ)(2λ + µ + 3)(λ + 2µ + 3)

+ c(λ2 + µ2 + λµ + 3λ + 3µ)2

• Q expansion.

ĤQ = κ′ L̂ · L̂ + a Q̂ · Q̂ + b (Q̂ × Q̂ × Q̂)(0)

+ c (Q̂ · Q̂)(Q̂ · Q̂)

• Pseudo-Casimir expansion.

ĤpC = κ′ L̂ · L̂ + a Ĉ2[SU(3)]χ + b Ĉ3[SU(3)]χ

+ c Ĉ2[SU(3)]2χ
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Energy ratios in the SU(3) limit
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Moment of inertia with a Q̂ expansion
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Moment of inertia with a pseudo–Casimir expansion
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Final calculations for 164Dy, 166Er, and 168Er

Nucleus κ′ (keV) a (keV) c (keV) χ N

164Dy 12.18 -82.90 0.05150 -0.55 16

166Er 13.55 -75.40 0.05286 -0.45 15

168Er 13.23 -67.25 0.04080 -0.50 16
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Spectrum for 164Dy
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Spectrum for 166Er
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Spectrum for 168Er
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