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Outline
● Classical and quantum Lyapunov exponents,  Out-of-Time-Order 

Correlators (OTOCs)

● Positive Lyapunov exponents  are also  associated to hyperbolic 
unstable fixed points in regular systems. 

● A detector of Excited-States Quantum Phase Transitions: examples in 
the Lipkin-Meshkov-Glick model  and  Dicke model.

● Conclusions 



  

Sensitivity to initial conditions:  classical Lyapunov exponent Butterfly effect

Tangent space.

Initial conditions



  

Out-of-Time order correlator (OTOC an information scrambling measure) :

    Revival of an old concept:   



  

- MOTOC  (Microcanonical  OTOC)
- FOTOC   (Fidelity  OTOC)

MOTOC

~e2Λt

Hamiltonian eigenstates

~e2Λt

FOTOC

Λ= quantum Lyapunov exponent



  

 Dicke Hamiltonian
  

Experimentally accesible 
on different platforms
 

One of the simplest autonomous 
Hamiltonian (time independent) with 
regular and chaotic regimes.   
Excellent playground to test ideas.



  

By using coherent states…

We can define a classical Hamiltonian:



  

Regular to chaotic transition very well 
characterized in the classical version

E/J=-1.8

E/J=-1.5

E/J=-1.1

E/J=-0.5

Physical Review E 94 (2), 022209 (2016)

ESQPT



  

MOTOC in chaotic energy region
ESQPT

quantum classical

QPT



  

Large Lyapunov 
exponents at the 
ESQPT energy 

Lyapunov exponent

1st derivative of the density of states

Classical phase 
space



  

Important fact: positive Lyapunov exponents also in regular systems, 
associated to hyperbolic unstable fixed points (critical ESQPT energy)

Simple pendulum

The separatrix, 
is a measure 
zero set in the 
whole phase 
space, but...



  

“Certain non-convex polygonal billiards, whose 
classical Lyapunov exponents are always zero, 
demonstrate a Lyapunov-like exponential growth 
of OTOC at early times with an h  dependent 
Lyapunov rate”

An extended disk of finite radius (wave function) moves 
in an effective billiard with positive Lyapunov exponent.



  

Some results for the Lipkin-Meshkov-Glick model and Dicke model



  

Simpler one  degree-of-freedom model:  Lipkin-Meshkov-Glick model

Classical Phase space

ESQPT

Hyperbolic 
fixed point

Density of states



  

~ e2Λt

Calculating classical and quantum Lyapunov exponent at ESQPT energy 

Variance  of quantum operators Q and P 

initial coherent states centered at the 
hyperbolic unstable fixed point (z=0)

FOTOC

Classically...
Perfect 
agreement



  

If we move the initial coherent state slightly 
away from the unstable fixed point

The initial exponential growth given by the classical Lyapunov exponent persists, though 
for a shorter time interval as we move the coherent state away from the unstable point. 



  

Returning to  the Dicke model

ESQPT

QPT

For  2<ω
o
<3.5 the ESQPT is surrounded by regular dynamics (λ=0).

(Fast-slow dynamical separability of atomic and bosonic degrees of freedom)

ω=0.5, ˠ=0.66

Unstable hyperbolic fixed 
point:

-ESQPT
 
-Positive classical λ, 
analytically evaluable    



  

Effective potentials for the slow bosonic variables

For ω
o
>>ω the Dicke Hamiltonian is adiabatically separable 

Sequence of ESQPTs

Approximated integrability of the Dicke model
A Relaño, MA Bastarrachea, S Lerma  EPL 116 50005 (2016)



  

Calculating the FOTOC in the Dicke model, for initial coherent states centered in the 
hyperbolic fixed point (z=α=0).

~ e2Λt

Again, very good 
agreement.



  

Again, if we move the initial coherent state slightly away from the unstable fixed point, 
the exponential growth given by the Lyapunov exponent persists.



  

The temporal dependence of observables can be approximated by the 
Truncated Wigner Approximation (TWA) 

But... all the previous results are classical !!

Wigner function of the initial state 
(classical Liouville distribution in phase space in the TWA)
  

For coherent states, simple expression for the Wigner function

bosonic

atomic

Classical trajectory



  

The exact quantum and 
classical (TWA approximated) 
variance of the observables 
coinicide at short temporal 
scales

Dicke model result for a coherent sate centered at the 
hyperbolic unstable fixed point with ESQPT energy



  

MOTOC in the Lipkin-Meshkov-Glick model (unpublished)

Initial growth of the MOTOC 
for Hamiltonian eigenstates of 
the LMG model

Below ESQPT

 ESQPT

Above  ESQPT

Is this behaviour describable by the TWA?



  

Analysis beyond the
 classical approximation

Bunch of levels  accumulating at  the ESQPT 
energy become equally spaced as N→∞

yielding   periodic 
unscramblings at 
long temporal 
scales
(larger than T

H
)



  

Other related works

“... exponential growth of out-of-time order 
correlators (OTOCs),...  can simply result from 
the presence of unstable fixed points in phase 
space, even in a classically integrable model.”

“...exponential growth of the thermal 
OTOC does not necessarily mean chaos 
when the potential includes a local 
maximum.”



  

Conclusions: 

-Initial exponential growth of OTOCs  associated  with hyperbolic 
unstable fixed points and its correpondig separatrices, even for non-
chaotic systems.

-The exponential growth of OTOCs is a reliable indicator of a kind of 
Excited-state-quantum phase transitions.

-Confirmed explicitly by our group for the LMG and Dicke models, and 
also for other models by other groups.

- The exponential growth, since it happens before the Ehrenfest time, is 
a classical result describable by the Truncated Wigner Approximation 
(TWA).

-As in classical mechanics, a  positive Lyapunov exponent does not  
necessarily imply chaos. 

 Thank you!
Huelva, 2021
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