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Phase space distribution functions

e Quantum mechanics: 5(p, &), (A(p,4)) = Tr[5(, §)A(B, 9)]
e Phase space: F(p,q)

AR, )] = [ do [ dad(p.0)F(p.0)
e Distribution function for the density operator p
Ff(p,q) = . 2/d5/dn/dq q + nﬁlplq —fnﬁ>
xf(&,n)e i€(q'=q) g—inp
e For an arbitray operator /2\(;3, q)
h 1 - 1
f _ 1yl T r=
A'(p, q) —zﬂ/dé/dn/dq {q" + SnhlAlg" = Znh)
xf(g,n)e"f(q'_q)e_"””



Phase space distribution functions

Types of the distribution functions (d.f.), corresponding choices of the function f and rules of association.

Distribution functions Rules of association f References

Wigner d.f. (F¥) Weyl (e et 1 Wigner (1932,1971)
o bt em'fz'a)

standard-ordered d.f. (F®) standard (et o~/ Mehta (1964)
o efblgindy = tet=h/s
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Physics Report 259 147 (1995)



Phase space distribution functions

Bilinear in the wave function v, f(&,7) to be independent of v
Real function

Nonnegative

Marginal distribution

[ doF?(p.a) = taldla). [ daF" (p.) = (o)

Complete orthonormal condition

1
/dq/dp (P, q)FLii(p,q) = 57O Oy

Z q)Fn (. d) = 27Im5(q—q’)5(p—p’)

Fin(p. @) =3 [ d€ [ dn [ da'63(a’ ~ /2)om(d +nh/2)

xf(g,n)eif(q'_q)e_i””



Phase space distribution functions

Properties of the distributien functions (d.f.).

Physics Report 259 147 (1995)

df. Properties
(a) bilinear (b) real (c) nonnegative (d) marginal (e) compete,
distributions orthonormal

Wigner d.f. (F¥) yes yes no yes yes
standard-ordered d.f. (F5) yes no no yes yes
antistandard-ordered d.f. (F4%) yes no no yes yes
P function (F) yes yes no no no
Q function (F4Y) yes yes yes no no
Husimi d.f. (F¥) yes yes yes no no

e Quantum optics

e Quantum chaos

e Condensed matter physics



Husimi distribution function

e Husimi distribution function

Q(p, q) = (C(p, 9)IpI¢(P, 9))

e SU(2) spin-j coherent states

_ §J+ . 2_j+1
6 = (1416 e, ot =

e Parameterization of ¢

qg—ip

- (Pt qd) {p.q} € Q={(p,q)lpP*+q° < 4}

¢(p,q) =

e Normalization relation of Q(p, q)

2 1
J+ q)dpdg =1




Husimi distribution function

e Second moment
M, = 2J+1/ Q*(p, q)dpdq
e Webhrl entropy
W——%+f/om ) In[Q(p, 4)]dpdg
e Marginal distributions

2 +1 2 +1
:\/H/Q(p,q)dp, \/J+ /va

e Second moment and Wehrl entropy of Q(q) and Q(p

/\/Ié”):\/zjﬁ/Q2 )dp,
Ww:_¢@;/bwmmwwu



Models—Lipkin-Meshkov-Glick (LMG) model

N 4(1 —K)~ A N
Hime = — ( N )J)%'FH(JZ-FE)

o [Amc. J2] = 0, [Aime, 1] = 0,1 = e/mG+m)
e Ground state QPT: k. = 4/5, paramagnetic phase (k < k)

vs. ferromagnetic phase (k > K¢)
e ESQPT at E. =0

e Density of states: wyymg(E) =>_,0(E — Ep)

E./(25)




Models—Coupled top (CT) model

I:ICT = -712 + :l2z + §~,]1X~,]2X

321j, mi) = G + D, mi), [Aer, 31 = [Her, 32] = 0
[Her, 2] = 0,[Her, N = 0, N = e/m(&tmitm2)
Ground state QPT: Ferromagnetic phase (£ < &.)—
Paramagnetic phase (£ > &.) at {c =1

ESQPT: E./j = 42, wer = 2, 0(E — Ep)

T A @ 5
2 4 f -0.‘2\_&,
.}
1k 1 i3
l - : , 0
=
ey 0 r (e) 102
a1k = =
L 10 &
2 3
L i . 5-0.2




Results—Initial Setting

T=0% 1> A4

H(o) - Hy = H(A) P

0
Po = [PoXtol Q:(p.q) = (s(p, q)lp(t)lc(p )

@ Initial state: pg = |1/J0><¢0’ = ’G5><G5’

® Quantum protocol
o LMG model: Hipme — HLMG +n(J, + N/2), ne =2 —5k/2
e CT model: HCT(SO) — HCT(gl) ¢ = 250/(&) + 1)

© Time evolving: p(t) = e M tpyeit’t

Q:(p,q) = (¢(p, 9)lp(t)IC(P, q))

O Long-time averaged state

1 /7 —
= lim = /0 p(t)dt, Qp. ) = ((p. 9)|7IC(p. @)
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Results in LMG model

Husimi distribution function of p(t)
2

Qulp.q) = |3 e E(¢(p, q)| En) (Enliio)

t =100




Husimi distribution function of p

Qumc(p,q ZI q)| En)*[(Enlt0)|®
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e Behaviors of M

(p,q)

and

W(p,q)
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Results in CT model

of pt

(¢(p1, q1)lpi(€1)IC(p1, qu)),s P

Projected Husimi distribution function

Tra[pe(&1)]

Q:(p, q)
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e Long-time averaged reduced density matrix

1 T
= Jim 7 /O pel&a)dt

e Long-time averaged projected Husimi function

p1(61) = Tr2[p(&1)], p(61)

Qcr(p1,q1) = (C(p1, g1)|p1(€1)|<(P1, q1))
=3 Wl Ea) P (prs a)lo" (€1)I¢ (pr au))

A7 (1) = Tral | En(€2))(En(Er)]]






— 2j+1
My cr = —— J /QCT p1, q1)dp1dag:

2 +1
Wer =— J /QCT p1,q1) In[Qcr(p1, q1)]dp1dgy

= e The quantum state
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e Behaviors of I\/Igpch) nd W(p .4)
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Summary and outlook

e Summary
@ Husimi distribution function exhibits distinct dynamical
behaviors in different phases of the ESQPT
® The Husimi function of long-time averaged state shows
differnet properties as the system crossovers the critical point

© The scaling beahviors of M, and W reveal the characteristics
of the ESQPT

e Outlook

@ The relation between the features of the Husimi distribution
function and the first-order ESQPT (Dicke model)

@® Phase space multifractal features of the quantum states and
ESQPT



Out-of-time-order correlator and ESQPT



Out-of-time-order correlator (OTOC)

First introduced by Larkin and Ovchinnikov in 1969 and rekindled
from 2015

e A. Kitaev, A simple
QUASICLASSICAL METHOD IN THE THEORY OF SUPERCONDUCTIVITY mOdeI Of quantum
PRI —
holography KITP
e - e, program (2015).

0
Scrambling time £,: T . Scaling with Lyapunov exponent

Initial states become <~
indistinguishable  F(£)~F; — eett

|
[ \
C(©) = ~W@. VO = Fa — (VO WOV OWE + W o 'wovo)

|
| S—
Dissipation time t4: |
Lolcaltobser\{la.zlgs l OTOC: Measures overlap between
relaxto equilibrium applying V then W after time t, and

constant applying W at t, reversing time, then V

[J. Madldacena, et al., JHEP 2016, 106 (2016)]



OTOC

F(o) = (WI()VI(OW(r) v(0)

o F(t) = (xly)
Wit} wie
t |
v v
= [ —
£} = W(EgV]S) ¥} = VW8

= ie)
o Re[F(t)] = ag — ee?t(t=IxI/ve)
() 4(b)




o W(t) — x(t), V(0) — p(0), in the classical limit
C(t) = —(W(t), V(O)I*) = ({x(t), p(0)}Pg)
ax(t)\? ¢
> <(8Xo> > e

AL is the quantum counterpart of Af.
e The upper bound
AL < —

e The OTOC has been measured experimentally with in ion
traps and nuclear magnetic resonance platforms.



Probing the phase transitions in quantum many-body systems
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[PRL 121, 016801 (2018)]
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Time evolution of OTOC

W(0) = V(0) = S,/S, W(t) = eMNtg e=HNE /s
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Long-time averaged OTOC
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Micro-canonical OTOC (MOTOC)
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Long-time averaged MOTOC
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o &= 2(En - EO)/(Emax - EO): é? = _2EO/(EmaX - EO)
e D, is the increase and/or decrease amplitude of F, around
the critical point

o FpoX |En— &= with . ~ 0.69(5)



Summary

e ESQPT leaves significant imprints on the OTOC dynamics

e The presence of an ESQPT and its critical point, as well as
the different phases can be detected via OTOC

e Long-time averaged OTOC behaves as the order parameter of
ESQPT

Open questions:

e OTOC dynamics in other kinds of ESQPTs, such as the
ESQPT in Dicke model

e The requirements that W and V should fulfill in order to make
sure the OTOC performed as a detector between different
phases in quantum many-body systems



Thanks & Questions
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