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Phase space distribution functions
• Quantum mechanics: ρ̂(p̂, q̂), ⟨Â(p̂, q̂)⟩ = Tr[ρ̂(p̂, q̂)Â(p̂, q̂)]
• Phase space: F (p, q)

Tr[ρ̂Â(p̂, q̂)f (ξ, η)] =
∫

dp
∫

dqA(p, q)F f (p, q)

• Distribution function for the density operator ρ̂

F f (p, q) =
1

4π2

∫
dξ

∫
dη

∫
dq′⟨q′ +

1
2
η~|ρ̂|q′ − 1

2
η~⟩

×f (ξ, η)e iξ(q′−q)e−iηp

• For an arbitray operator Â(p̂, q̂)

Af (p, q) =
~
2π

∫
dξ

∫
dη

∫
dq′⟨q′ +

1
2
η~|Â|q′ − 1

2
η~⟩

×f (ξ, η)e iξ(q′−q)e−iηp



Phase space distribution functions



Phase space distribution functions
• Bilinear in the wave function ψ, f (ξ, η) to be independent of ψ
• Real function
• Nonnegative
• Marginal distribution∫

dpF f (p, q) = ⟨q|ρ̂|q⟩,
∫

dqF f (p, q) = ⟨p|ρ̂|p⟩

• Complete orthonormal condition∫
dq

∫
dpF f

nm(p, q)F
f ∗
n′m′(p, q) =

1
2π~

δnn′δmm′∑
n,m

F f
nm(p, q)F

f ∗
nm(p

′, q′) =
1

2π~
δ(q − q′)δ(p − p′)

F f
nm(p, q) =

1
4π2

∫
dξ

∫
dη

∫
dq′ϕ∗n(q

′ − η~/2)ϕm(q′ + η~/2)

×f (ξ, η)e iξ(q′−q)e−iηp



Phase space distribution functions

• Quantum optics
• Quantum chaos
• Condensed matter physics



Husimi distribution function
• Husimi distribution function

Q(p, q) = ⟨ζ(p, q)|ρ̂|ζ(p, q)⟩

• SU(2) spin-j coherent states

|ζ⟩ = (1 + |ζ|2)−jeζĴ+ |j ,−j⟩, 2j + 1
π

∫
R2

|ζ⟩⟨ζ| d2ζ

(1 + |ζ|2)2
= 1

• Parameterization of ζ

ζ(p, q) =
q − ip√

4 − (p2 + q2)
, {p, q} ∈ Ω = {(p, q)|p2+q2 ≤ 4}

• Normalization relation of Q(p, q)

2j + 1
4π

∫
Ω

Q(p, q)dpdq = 1



Husimi distribution function
• Second moment

M2 =
2j + 1

4π

∫
Ω

Q2(p, q)dpdq

• Wehrl entropy

W = −2j + 1
4π

∫
Ω

Q(p, q) ln[Q(p, q)]dpdq

• Marginal distributions

Q(q) =

√
2j + 1

4π

∫
Q(p, q)dp, Q(p) =

√
2j + 1

4π

∫
Q(p, q)dq

• Second moment and Wehrl entropy of Q(q) and Q(p)

M(µ)
2 =

√
2j + 1

4π

∫
Q2(µ)dµ,

W (µ) = −
√

(2j + 1)
4π

∫
Q(µ) ln[Q(µ)]dµ



Models–Lipkin-Meshkov-Glick (LMG) model

ĤLMG = −4(1 − κ)

N
Ĵ2
x + κ

(
Ĵz +

N
2

)
• [ĤLMG , Ĵ2] = 0, [ĤLMG , Π̂] = 0,Π = e iπ(j+m)

• Ground state QPT: κc = 4/5, paramagnetic phase (κ < κc)
vs. ferromagnetic phase (κ > κc)

• ESQPT at Ec = 0
• Density of states: ωLMG (E ) =

∑
n δ(E − En)



Models–Coupled top (CT) model

ĤCT = Ĵ1z + Ĵ2z +
ξ

j
Ĵ1x Ĵ2x

• Ĵ2
k |j ,mk⟩ = j(j + 1)|j ,mk⟩, [ĤCT , Ĵ1] = [ĤCT , Ĵ2] = 0

• [ĤCT ,P] = 0, [ĤCT ,Π] = 0, Π = e iπ(2j+m1+m2)

• Ground state QPT: Ferromagnetic phase (ξ < ξc)→
Paramagnetic phase (ξ > ξc) at ξc = 1

• ESQPT: Ec/j = ±2, ωCT =
∑

n δ(E − En)



Results–Initial Setting

..1 Initial state: ρ0 = |ψ0⟩⟨ψ0| = |GS⟩⟨GS |

..2 Quantum protocol
• LMG model: ĤLMG → ĤLMG + η(Ĵz + N/2), ηc = 2 − 5κ/2
• CT model: ĤCT (ξ0) → ĤCT (ξ1), ξc = 2ξ0/(ξ0 + 1)

..3 Time evolving: ρ(t) = e−iHf tρ0e iH f t

Qt(p, q) = ⟨ζ(p, q)|ρ(t)|ζ(p, q)⟩

..4 Long-time averaged state

ρ̄ = lim
T→∞

1
T

∫ T

0
ρ(t)dt, Q(p, q) = ⟨ζ(p, q)|ρ̄|ζ(p, q)⟩



Results in LMG model
Husimi distribution function of ρ(t)

Qt(p, q) =

∣∣∣∣∣∑
n

e−iEnt⟨ζ(p, q)|En⟩⟨En|ψ0⟩

∣∣∣∣∣
2



Husimi distribution function of ρ̄

QLMG (p, q) =
∑
n

|⟨ζ(p, q)|En⟩|2|⟨En|ψ0⟩|2



M2,LMG =
2j + 1

4π

∫
Ω

Q2
(p, q)dpdq

W LMG = −2j + 1
4π

∫
Ω

Q(p, q) ln[Q(p, q)]dpdq

• ρ̄ has the maximal
extension at the
critical point

• Mc
2,LMG ∼ N−γM ,

W c
LMG ∼ γW ln(N)

• Mm
2,LMG and W m

LMG
provide a realiable
estimation of the
critical point



• Behaviors of M(p,q)
2,LMG and W (p,q)

LMG



Results in CT model
Projected Husimi distribution function of ρt

Qt(p, q) = ⟨ζ(p1, q1)|ρt
1(ξ1)|ζ(p1, q1)⟩, ρt

1 = Tr2[ρt(ξ1)]



• Long-time averaged reduced density matrix

ρ̄1(ξ1) = Tr2[ρ̄(ξ1)], ρ̄(ξ1) = lim
T→∞

1
T

∫ T

0
ρt(ξ1)dt

• Long-time averaged projected Husimi function

QCT (p1, q1) = ⟨ζ(p1, q1)|ρ̄1(ξ1)|ζ(p1, q1)⟩

=
∑
n

|⟨Ψ0|En⟩|2⟨ζ(p1, q1)|ρ(n)1 (ξ1)|ζ(p1, q1)⟩

ρ
(n)
1 (ξ1) = Tr2[|En(ξ1)⟩⟨En(ξ1)|]





M2,CT =
2j + 1

4π

∫
Ω

Q2
CT (p1, q1)dp1dq1

W CT = −2j + 1
4π

∫
Ω

QCT (p1, q1) ln[QCT (p1, q1)]dp1dq1

• The quantum state
shows different
degrees of localization

• M2,CT ∼ j−νM ,
W CT ∼ νW ln(j)

• The critical point can
be estimated by
dνM(W )/dξ|min



• Behaviors of M(p,q)
2,CT and W (p,q)

CT



Summary and outlook

• Summary
..1 Husimi distribution function exhibits distinct dynamical

behaviors in different phases of the ESQPT
..2 The Husimi function of long-time averaged state shows

differnet properties as the system crossovers the critical point
..3 The scaling beahviors of M2 and W reveal the characteristics

of the ESQPT

• Outlook
..1 The relation between the features of the Husimi distribution

function and the first-order ESQPT (Dicke model)
..2 Phase space multifractal features of the quantum states and

ESQPT



Out-of-time-order correlator and ESQPT



Out-of-time-order correlator (OTOC)
First introduced by Larkin and Ovchinnikov in 1969 and rekindled
from 2015

• A. Kitaev, A simple
model of quantum
holography KITP
program (2015).

[J. Madldacena, et al., JHEP 2016, 106 (2016)]



OTOC

F (t) = ⟨W †(t)V †(0)W (t)V (0)⟩

• F (t) = ⟨x |y⟩

• Re[F (t)] = α0 − ϵeλL(t−|x |/vB)



• W (t) → x(t), V (0) → p(0), in the classical limit

C (t) = −⟨[W (t),V (0)]2⟩ → ⟨{x(t), p(0)}2
PB⟩

∼

⟨(
∂x(t)
∂x0

)2
⟩

∼ e2λc
Lt

λL is the quantum counterpart of λc
L.

• The upper bound

λL ≤ 2π
β

• The OTOC has been measured experimentally with in ion
traps and nuclear magnetic resonance platforms.



• Probing the phase transitions in quantum many-body systems

[PRL 121, 016801 (2018)]

[PRB 96, 054503 (2017)]



Time evolution of OTOC

W (0) = V (0) = Sx/S,W (t) = e iH(λ)tSxe−iH(λ)t/S

F (t) =
1
S4 ⟨ψ

α
0 |e iH(λ)tSxe−iH(λ)tSxe iH(λ)tSxe−iH(λ)tSx |ψα

0 ⟩



Long-time averaged OTOC

F = lim
T→∞

1
T

∫ T

0
FR(t)dt, F =

F
F (λ = 0)

• F c
= F (λ = λc) ∝ N−µ with µ ≈ 0.084(8)

• F ∝ |λ− λαc |γλ with γλ ≈ 0.36(1)



Micro-canonical OTOC (MOTOC)

Fn(t) =
1
S4 ⟨n|e

iHα
0 tSxe−iHα

0 tSxe iHα
0 tSxe−iHα

0 tSx |n⟩



Long-time averaged MOTOC

F n = lim
T→∞

1
T

∫ T

0
Fn(t)dt, Fn =

F n

F 0

• ε̃n = 2(En − E0)/(Emax − E0), ε̃αc = −2E0/(Emax − E0)

• Dn is the increase and/or decrease amplitude of Fn around
the critical point

• Fn ∝ |ε̃n − ε̃αc |γε with γε ≈ 0.69(5)



Summary

• ESQPT leaves significant imprints on the OTOC dynamics
• The presence of an ESQPT and its critical point, as well as

the different phases can be detected via OTOC
• Long-time averaged OTOC behaves as the order parameter of

ESQPT

Open questions:

• OTOC dynamics in other kinds of ESQPTs, such as the
ESQPT in Dicke model

• The requirements that W and V should fulfill in order to make
sure the OTOC performed as a detector between different
phases in quantum many-body systems



Thanks & Questions
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