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Anatomy of hadrons.
GPDs, 3D hadron imaging, and beyond (1/3).

Probabilistic interpretation of Fourier transform of
GPD(x, ξ = 0, t) in transverse plane.

ρ(x, b⊥, λ, λN) =
1

2

[
H(x, 0, b2⊥) +

bj
⊥ϵjiSi

⊥
M

∂E
∂b2⊥

(x, 0, b2⊥)

+λλNH̃(x, 0, b2⊥)
]

Notations : quark helicity λ, nucleon longitudinal
polarization λN and nucleon transverse spin S⊥.

Burkardt, Phys. Rev. D62, 071503 (2000)
Can we obtain this picture from exclusive measurements?

x ~ 0.3xx < 0.01 ~ 0.1

spin
transverse

(c)

b

xP

longitud.

(a)

transverse

pion
cloud quarks

valence

(b)

quarks, gluons
singlet

quarks move
faster

slower Weiss, AIP Conf.
Proc. 1149,
150 (2009)
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Anatomy of hadrons.
GPDs, 3D hadron imaging, and beyond (1/3).

Probabilistic interpretation of Fourier transform of
GPD(x, ξ = 0, t) in transverse plane.

ρ(x, b⊥, λ, λN) =
1

2

[
H(x, 0, b2⊥) +

bj
⊥ϵjiSi

⊥
M

∂E
∂b2⊥

(x, 0, b2⊥)

+λλNH̃(x, 0, b2⊥)
]

Notations : quark helicity λ, nucleon longitudinal
polarization λN and nucleon transverse spin S⊥.

Burkardt, Phys. Rev. D62, 071503 (2000)
Not quite, but close!
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890 (2018)

H. Moutarde NPQCD 2018 2 / 39



Precision
GPD

phenomenology

Introduction
Physical content

Formal definition

Dispersion relations

Fit status

Generic model
building
Polynomiality

Radon transform

Positivity

Inverse Radon

Phenomenology
Models

Computing chain

Releases

DVCS data

Global CFF fit

Conclusion

Appendix

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Anatomy of hadrons.
GPDs, 3D hadron imaging, and beyond (2/3).

Most general structure of matrix element of energy
momentum tensor between nucleon states:⟨

N,P +
∆

2

∣∣∣∣Tµν

∣∣∣∣N,P − ∆

2

⟩
= ū

(
P +

∆

2

)[
A(t)γ(µPν)∆

2

+B(t)P(µiσν)λ∆λ

2M +
C(t)
M (∆µ∆ν −∆2ηµν)

]
u
(

P − ∆

2

)
with t = ∆2.
Key observation: link between GPDs and gravitational
form factors∫

dx xHq(x, ξ, t) = Aq(t) + 4ξ2Cq(t)∫
dx xEq(x, ξ, t) = Bq(t)− 4ξ2Cq(t)

Ji, Phys. Rev. Lett. 78, 610 (1997)
H. Moutarde NPQCD 2018 3 / 39
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Anatomy of hadrons.
GPDs, 3D hadron imaging, and beyond (3/3).

Spin sum rule:∫
dx x

(
Hq(x, ξ, 0) + Eq(x, ξ, 0)

)
= Aq(0) + Bq(0) = 2Jq

Ji, Phys. Rev. Lett. 78, 610 (1997)

Shear and pressure of a hadron considered as a
continuous medium:⟨

N
∣∣Tij(⃗r)

∣∣N
⟩

N = s(r)
(

rirj

r⃗2 − 1

3
δij
)
+ p(r)δij

Polyakov and Shuvaev, hep-ph/0207153

Energy density, tangential and radial pressures of a
hadron considered as a continuous medium.

Lorcé et al., arXiv:1810.09837 [hep-ph]
H. Moutarde NPQCD 2018 4 / 39
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Mechanical properties of hadrons.
From the nucleon to compact stars (1/3).

Matrix element in the Breit frame (a = q, g):⟨
∆

2
|Tµν

a (0)| − ∆

2

⟩
= M

{
ηµ0ην0

[
Aa(t) +

t
4M2

Ba(t)
]

+ηµν
[
C̄a(t)−

t
M2

Ca(t)
]
+

∆µ∆ν

M2
Ca(t)

}
Anisotropic fluid in relativistic hydrodynamics:
Θµν (⃗r) = [ε(r)+pt(r)] uµuν−pt(r)ηµν+[pr(r)−pt(r)]χµχν

where uµ and χµ = xµ/r.
Define isotropic pressure and pressure anisotropy:

p(r) =
pr(r) + 2 pt(r)

3
s(r) = pr(r)− pt(r)

H. Moutarde NPQCD 2018 5 / 39
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Mechanical properties of hadrons.
From the nucleon to compact stars (2/3).

Write dictionary between quantum and fluid pictures:

εa(r)
M =

∫ d3∆⃗

(2π)3
e−i∆⃗· r⃗

{
Aa(t) + C̄a(t) +

t
4M2

[Ba(t)− 4Ca(t)]
}

pr,a(r)
M =

∫ d3∆⃗

(2π)3
e−i∆⃗· r⃗

{
−C̄a(t)−

4

r2
t−1/2

M2

d
dt

(
t3/2 Ca(t)

)}
pt,a(r)

M =

∫ d3∆⃗

(2π)3
e−i∆⃗· r⃗

{
−C̄a(t) +

4

r2
t−1/2

M2

d
dt

[
t d
dt

(
t3/2 Ca(t)

)]}
pa(r)

M =

∫ d3∆⃗

(2π)3
e−i∆⃗· r⃗

{
−C̄a(t) +

2

3

t
M2

Ca(t)
}

sa(r)
M =

∫ d3∆⃗

(2π)3
e−i∆⃗· r⃗

{
− 4

r2
t−1/2

M2

d2

dt2
(

t5/2 Ca(t)
)}
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Mechanical properties of hadrons.
From the nucleon to compact stars (3/3).

Evaluate orders of magnitude with naive multiple model:
quark

pq

pq,r

pq,t

0.0 0.2 0.4 0.6 0.8 1.0
ϵq [GeV/fm

3]0.0

0.1

0.2

0.3

0.4

0.5

0.6
[GeV/fm3]

glue

pG

pG,r

pG,t
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ϵG [GeV/fm3]

-0.04

-0.02

0.00
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0.10
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quark + glue

p

pr

pt

0.2 0.4 0.6 0.8 1.0
ϵ [GeV/fm3]0.0
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0.3

0.4
[GeV/fm3]

Lorcé et al.,
arXiv:1810.09837 [hep-ph]

Neutron stars

102 103 104

100
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102 103 104

100
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104

Annala et al., Phys. Rev.
Lett. 120, 172703 (2018)
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Spin-0 Generalized Parton Distribution.
Definition and simple properties.

Hq
π(x, ξ, t) =

1

2

∫ dz−
2π

eixP+z−
⟨
π,P +

∆

2

∣∣∣∣ q̄
(
− z
2

)
γ+q

( z
2

) ∣∣∣∣π,P − ∆

2

⟩
z+=0
z⊥=0

with t = ∆2 and ξ = −∆+/(2P+).

⊥

z0

z3

n+n− References
Müller et al., Fortschr. Phys. 42, 101 (1994)

Ji, Phys. Rev. Lett. 78, 610 (1997)
Radyushkin, Phys. Lett. B380, 417 (1996)

PDF forward limit
Hq(x, 0, 0) = q(x)

Form factor sum rule
Hq is an even function of ξ from time-reversal invariance.
Hq is real from hermiticity and time-reversal invariance.

H. Moutarde NPQCD 2018 8 / 39
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Spin-0 Generalized Parton Distribution.
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Hq
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(
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( z
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⟩
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Müller et al., Fortschr. Phys. 42, 101 (1994)

Ji, Phys. Rev. Lett. 78, 610 (1997)
Radyushkin, Phys. Lett. B380, 417 (1996)

PDF forward limit
Form factor sum rule∫ +1

−1
dx Hq(x, ξ, t) = Fq

1(t)

Hq is an even function of ξ from time-reversal invariance.
Hq is real from hermiticity and time-reversal invariance.
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Spin-0 Generalized Parton Distribution.
Not so simple properties.

Polynomiality∫ +1

−1
dx xnHq(x, ξ, t) = polynomial in ξ

Lorentz covariance

Positivity
Hq has support x ∈ [−1,+1].
Soft pion theorem (pion target)

How can we implement a priori these theoretical constraints?
In the following, focus on polynomiality and positivity.
Do not discuss the reduction to form factors or PDFs.
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Spin-0 Generalized Parton Distribution.
Not so simple properties.

Polynomiality
Lorentz covariance

Positivity
Hq has support x ∈ [−1,+1].
Soft pion theorem (pion target)

How can we implement a priori these theoretical constraints?
In the following, focus on polynomiality and positivity.
Do not discuss the reduction to form factors or PDFs.
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Spin-0 Generalized Parton Distribution.
Not so simple properties.

Polynomiality
Lorentz covariance

Positivity

Hq(x, ξ, t) ≤
√

q
(

x + ξ

1 + ξ

)
q
(

x − ξ

1− ξ

)
Positivity of Hilbert space norm

Hq has support x ∈ [−1,+1].
Soft pion theorem (pion target)

How can we implement a priori these theoretical constraints?
In the following, focus on polynomiality and positivity.
Do not discuss the reduction to form factors or PDFs.
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Spin-0 Generalized Parton Distribution.
Not so simple properties.

Polynomiality
Lorentz covariance

Positivity
Positivity of Hilbert space norm

Hq has support x ∈ [−1,+1].
Soft pion theorem (pion target)

How can we implement a priori these theoretical constraints?
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Do not discuss the reduction to form factors or PDFs.
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Spin-0 Generalized Parton Distribution.
Not so simple properties.

Polynomiality
Lorentz covariance

Positivity
Positivity of Hilbert space norm

Hq has support x ∈ [−1,+1].
Relativistic quantum mechanics

Soft pion theorem (pion target)

How can we implement a priori these theoretical constraints?
In the following, focus on polynomiality and positivity.
Do not discuss the reduction to form factors or PDFs.
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Spin-0 Generalized Parton Distribution.
Not so simple properties.

Polynomiality
Lorentz covariance

Positivity
Positivity of Hilbert space norm

Hq has support x ∈ [−1,+1].
Relativistic quantum mechanics

Soft pion theorem (pion target)

How can we implement a priori these theoretical constraints?
In the following, focus on polynomiality and positivity.
Do not discuss the reduction to form factors or PDFs.
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Spin-0 Generalized Parton Distribution.
Not so simple properties.

Polynomiality
Lorentz covariance

Positivity
Positivity of Hilbert space norm

Hq has support x ∈ [−1,+1].
Relativistic quantum mechanics

Soft pion theorem (pion target)

Hq(x, ξ = 1, t = 0) =
1

2
ϕq
π

(
1 + x
2

)
Dynamical chiral symmetry breaking

How can we implement a priori these theoretical constraints?
In the following, focus on polynomiality and positivity.
Do not discuss the reduction to form factors or PDFs.
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Spin-0 Generalized Parton Distribution.
Not so simple properties.

Polynomiality
Lorentz covariance

Positivity
Positivity of Hilbert space norm

Hq has support x ∈ [−1,+1].
Relativistic quantum mechanics

Soft pion theorem (pion target)
Dynamical chiral symmetry breaking

How can we implement a priori these theoretical constraints?
In the following, focus on polynomiality and positivity.
Do not discuss the reduction to form factors or PDFs.
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Positivity
Positivity of Hilbert space norm

Hq has support x ∈ [−1,+1].
Relativistic quantum mechanics

Soft pion theorem (pion target)
Dynamical chiral symmetry breaking

How can we implement a priori these theoretical constraints?
In the following, focus on polynomiality and positivity.
Do not discuss the reduction to form factors or PDFs.

H. Moutarde NPQCD 2018 9 / 39



Precision
GPD

phenomenology

Introduction
Physical content

Formal definition

Dispersion relations

Fit status

Generic model
building
Polynomiality

Radon transform

Positivity

Inverse Radon

Phenomenology
Models

Computing chain

Releases

DVCS data

Global CFF fit

Conclusion

Appendix

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Dispersion relations and the lines x = ±ξ.
Relation between ReH(ξ) and H(x = ±ξ, ξ) at leading order.

Write dispersion relation at fixed t and Q2:

ReH(ξ) =

∫ ∞

1

dω
π

ImC(ω)
{∫ +1

−1
dx

[
1

ωξ − x − 1

ωξ + x

]
H
(

x, x
ω

)
1

ωξ − x + I(ω)
}
.

Diehl and Ivanov, Eur. Phys. J. C52, 919 (2007)
At leading order in αs (no kinematic corrections):

ImC(ω) ∝ π
[
δ(ω − 1)− δ(ω + 1)

]
.

Dispersion relation simplifies to:

ReH(ξ) ∝
∫ +1

−1
dx

[
1

ωξ − x − 1

ωξ + x

]
H(x, x) + I ,

ImH(ξ) ∝ H(ξ, ξ)− H(−ξ, ξ) .
H. Moutarde NPQCD 2018 10 / 39



Precision
GPD

phenomenology

Introduction
Physical content

Formal definition

Dispersion relations

Fit status

Generic model
building
Polynomiality

Radon transform

Positivity

Inverse Radon

Phenomenology
Models

Computing chain

Releases

DVCS data

Global CFF fit

Conclusion

Appendix

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

DVCS analysis and fits.
No global GPD fit has been obtained so far.

GPD fits only in the small xB region with a flexible
parameterization (kinematic simplifications).
Global fits of CFFs in the sea and valence regions.
Some GPD models with non-flexible parameterizations
adjusted to experimental DVCS or DVMP data.

Kumerički et al., Eur. Phys. J. A52, 157 (2016)

The situation can be improved!
GPD parameterizations satisfying a priori all theoretical
constraints on GPDs.
Computing framework to go beyond leading order and
leading twist analysis.
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Software for the phenomenology of GPDs.
Different questions to be answered with the same tools.

Higher
Twists?

New
Experiments?

Meson
Production?

Error
Propagation?

Theoretical
Constraints?

Compton
Scattering?

Model
Dependence?

Next to
Leading
Order?
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Software for the phenomenology of GPDs.
Different questions to be answered with the same tools.

Higher
Twists?

New
Experiments?

Meson
Production?

Error
Propagation?

Theoretical
Constraints?

Compton
Scattering?

Model
Dependence?

Next to
Leading
Order?

PARTONS

Soft
ware
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Polynomiality.
Abstract formulation: the range of the Radon transform.

Write polynomiality condition:∫ 1

−1
dx xmHq(x, ξ, t) =

m∑
i=0

even

(2ξ)iCq
mi(t)+(2ξ)m+1Cq

mm+1(t) .

Assume the existence of Dq(z, t) such that:∫ +1

−1
dz zmD(z, t) = Cq

mm+1(t) .

Hq(x, ξ, t)− D(x/ξ, t) satisfies polynomiality at order m:∫ 1

−1
dx xm

(
Hq(x, ξ, t)− D(x/ξ, t)

)
=

m∑
i=0

even

(2ξ)iCq
mi(t) .

Ludwig-Helgason condition: there exists FD such that:

H(x, ξ, t) = D(x/ξ, t)+
∫
ΩDD

dβdαFD(β, α, t) δ(x−β−αξ) .
H. Moutarde NPQCD 2018 14 / 39
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The Radon transform.
Definition and properties.

0 β1

α

1
s

ϕ

For s > 0 and ϕ ∈ [0, 2π]:

Rf (s, ϕ) =
∫ +∞

−∞
dβdα f(β, α)δ(s−β cosϕ−α sinϕ)

and:

Rf (−s, ϕ) = Rf (s, ϕ± π)

Relation to GPDs:

x =
s

cosϕ and ξ = tanϕ

Relation between GPD H and DD FD√
1 + ξ2

[
H(x, ξ)− D

(
x
ξ

)]
= RFD (s, ϕ) .
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Implementing Lorentz covariance.
Extend an overlap in the DGLAP region to the whole GPD domain.

DGLAP and ERBL regions
(x, ξ) ∈ DGLAP ⇔ |s| ≥ | sinϕ| ,
(x, ξ) ∈ ERBL ⇔ |s| ≤ | sinϕ| .

β

α

ΩDD (|α|+ |β| ≤ 1)

α = 1
ξ (x − β)

x/ξ
β = (x − ξ)/(1− ξ)

β = (x + ξ)/(1 + ξ)

β = (x − ξ)/(1 + ξ)

β = (x + ξ)/(1 + ξ)

Each point (β, α)
with β ̸= 0
contributes
to both DGLAP and
ERBL regions.
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Uniqueness of the extension.
Statement.

Theorem (simple case)
Let f be a compactly-supported summable function defined on
R2 and Rf its Radon transform.
Let (s0, ω0) ∈ R× S1 and U0 an open neighborhood of ω0 s.t.:

for all s > s0 and ω ∈ U0 Rf (s, ω) = 0 .

Then f(ℵ) = 0 on the half-plane ⟨ℵ |ω0 ⟩ > s0 of R2.

Theorem (Boman and Todd Quinto, 1987)
Assume (s0, ω0) ∈ R× Sn−1 and f ∈ E ′(R). Let µ(ℵ, ω) be a
strictly positive real analytic function on Rn × Sn−1 that is even
in ω. Let U0 be an open neighborhood of ω0. Finally assume
Rµ(s, ω) = 0 for s > s0 and ω ∈ U0. Then f = 0 on the half
space ⟨ℵ |ω0 ⟩ > s0.
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Uniqueness of the extension.
Statement.

Theorem (simple case)

for all s > s0 and ω ∈ U0 Rf (s, ω) = 0 .

Then f(ℵ) = 0 on the half-plane ⟨ℵ |ω0 ⟩ > s0 of R2.

DGLAP and ERBL regions in polar coordinates
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Uniqueness of the extension.
Statement.

Theorem (simple case)

for all s > s0 and ω ∈ U0 Rf (s, ω) = 0 .

Then f(ℵ) = 0 on the half-plane ⟨ℵ |ω0 ⟩ > s0 of R2.

Consider a GPD H being zero on the DGLAP region.
Take ξ0 = tanϕ0 ∈ [0, 1], x0 ∈]ξ0,+∞[ and s0 s.t.
x0 cosϕ0 > s0 > sinϕ0.
∃ϵ > 0 s.t. s0 > sinϕ for |ϕ− ϕ0| < ϵ.
Hyp: the underlying DD f has a zero Radon transform for
all ϕ ∈]ϕ0 − ϵ, ϕ0 + ϵ[ and s > s0 (DGLAP region).
Then f(β, α) = 0 for all (β, α) s.t.
β cosϕ0 + α sinϕ0 = s > s0.
At last select s = x0 cosϕ0 to get β + αξ0 = x0.
Cannot constrain the line β = 0. □ Proof.
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Overlap representation.
A first-principle connection with Light Front Wave Functions.

Decompose an hadronic state |H;P, λ⟩ in a Fock basis:

|H;P, λ⟩ =
∑
N,β

∫
[dxdk⊥]Nψ

(β,λ)
N (x1,k⊥1, . . . , xN,k⊥N) |β, k1, . . . , kN⟩

Derive an expression for the pion GPD in the DGLAP
region ξ ≤ x ≤ 1:

Hq(x, ξ, t) ∝
∑
β,j

∫
[dx̄dk̄⊥]Nδj,qδ(x−x̄j)

(
ψ
(β,λ)
N

)∗
(x̂′, k̂′

⊥)ψ
(β,λ)
N (x̃, k̃⊥)

with x̃, k̃⊥ (resp. x̂′, k̂′
⊥) generically denoting incoming

(resp. outgoing) parton kinematics.
Diehl et al., Nucl. Phys. B596, 33 (2001)

Similar expression in the ERBL region −ξ ≤ x ≤ ξ, but
with overlap of N- and (N + 2)-body LFWFs.
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Implementing Lorentz covariance.
Extend an overlap in the DGLAP region to the whole GPD domain.

For any model of LFWF, one has to address the following
three questions:

1 Does the extension exist?

2 If it exists, is it unique?

3 How can we compute this extension?

Modeling strategy
1 Ensure positivity by modeling the DGLAP region as an

overlap of LFWFs.
2 Ensure polynomiality by inverting the Radon transform to

identify an underlying DD.
Chouika et al., Eur. Phys. J. C77, 906 (2017)
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Inverse problem: geometrical interpretation.
Towards a numerical evaluation.

And if the input data are inconsistent?
Instead of solving g = Rf, find f such that ∥g −Rf∥2 is
minimum.
The solution always exists.
The input data are inconsistent if ∥g −Rf∥2 > 0.
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Computation of the extension.
Problem reduction.

How can we get a DD from a GPD in the DGLAP region?

Restrict to quark GPDs (β > 0).
Only ERBL region ”sees” both β > 0 and β < 0.
Use α-parity of the DD.

DD GPD
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Computation of the extension.
Finite elements.

Example of a P1 basis function

Discretize the DD on a mesh with n ≃ 800 triangular cells.
Compute the Radon transform of a P1 basis function.
Sample m ≃ 4n (x, ξ)-lines intersecting the DD support.
Solve a linear system AX = B with A a sparse m × n
matrix.
Adopt an iterative regularization method: LSMR.

Fong and Saunders, arXiv:1006.0758
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Examples - benchmarks (1/4).
Algebraic Bethe-Salpeter model.

Ψl=0 (x, k⊥) = 8
√
15π

M3(
k2
⊥ + M2

)2 (1− x) x ,

i kj
⊥Ψl=1 (x, k⊥) = 8

√
15π

kj
⊥ M2(

k2
⊥ + M2

)2 (1− x) x , j = 1, 2 .

H(x, ξ, t = 0) H(x, ξ = 0.5, t)

Chouika et al., Eur. Phys. J. C77, 906 (2017)
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Examples - benchmarks (2/4).
Algebraic spectator model.

φ(x, k⊥) =
gM2p
√
1− x

x−p
(

M2 −
k2
⊥ + m2

x −
k2
⊥ + λ2

1− x

)−p−1

Hwang and Müller, Phys. Lett. B660, 350 (2008)

H(x, ξ, t = 0) H(x, ξ = 0.5, t)

Chouika et al., Eur. Phys. J. C77, 906 (2017)
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Examples - benchmarks (3/4).
Regge-behaved Radyushkin DD Ansatz model.

Radyushkin DD Ansatz with phenomenological PDF:

qRegge (x) =
35 (1− x)3

32
√x .

H(x, ξ, t = 0)

Chouika et al., Eur. Phys. J. C77, 906 (2017)
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Examples - benchmarks (4/4).
Gaussian wave function model.

Ψ
(
x,k2

⊥
)
=

4
√
15π

M
√

x (1− x) e−
k2
⊥

4M2(1−x)x .

H(x, ξ, t = 0) H(x, ξ = 0.5, t)

Chouika et al., Eur. Phys. J. C77, 906 (2017)
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GPD Computing made simple.
Differential studies: physical models and numerical methods.

Large distance
First

principles and
fundamental
parameters

Small distance
Computation
of amplitudes

Full processes
Experimental

data and
phenomenology

GPD at µ ̸= µref
F

GPD at µref
F

DV
CS

TC
S

DV
M

P

DV
CS

TC
S

DV
M

P

PARtonic
Tomography
Of
Nucleon
Software

Perturbative
approximations.
Physical models.
Fits.
Numerical
methods.
Accuracy and
speed.

Evolution
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Open source release.
Publicly available on CEA GitLab server.

Berthou et al., Eur. Phys. J. C78, 478 (2018)
H. Moutarde NPQCD 2018 29 / 39



Precision
GPD

phenomenology

Introduction
Physical content

Formal definition

Dispersion relations

Fit status

Generic model
building
Polynomiality

Radon transform

Positivity

Inverse Radon

Phenomenology
Models

Computing chain

Releases

DVCS data

Global CFF fit

Conclusion

Appendix

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Open source release.
Publicly available on CEA GitLab server.

Berthou et al., Eur. Phys. J. C78, 478 (2018)
H. Moutarde NPQCD 2018 29 / 39



Precision
GPD

phenomenology

Introduction
Physical content

Formal definition

Dispersion relations

Fit status

Generic model
building
Polynomiality

Radon transform

Positivity

Inverse Radon

Phenomenology
Models

Computing chain

Releases

DVCS data

Global CFF fit

Conclusion

Appendix

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Open source release.
Publicly available on CEA GitLab server.

Berthou et al., Eur. Phys. J. C78, 478 (2018)
H. Moutarde NPQCD 2018 29 / 39



Precision
GPD

phenomenology

Introduction
Physical content

Formal definition

Dispersion relations

Fit status

Generic model
building
Polynomiality

Radon transform

Positivity

Inverse Radon

Phenomenology
Models

Computing chain

Releases

DVCS data

Global CFF fit

Conclusion

Appendix

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Phenomenology from a qqq wavefunction.
Preliminary results: tests with the χQSM.

CLAS 2015 data Eu at t = -0.34 GeV2

Only LO phenomenology achievable without extension to
ERBL region.
Computation of various DVCS observables in the
valence region under different pQCD assumptions with
PARTONS. Chouika, PhD thesis (2018)
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First global CFF fit with PARTONS.
Assumptions, limits and key ingredients.

Leading twist and leading order analysis.

Focus on the quark sector (intermediate to large xB).

Dispersion relations: CFF H depends on D-term and
border function H(x, ξ = x).

Tomography: model skewing function H(x, x, t)/H(x, 0, t)
consistently with perturbative QCD.

Fit to PDFs and elastic form factors.

Propagate uncertainties by replica method.
Moutarde et al., Eur. Phys. J. C78, 890 (2018)
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Selected DVCS measurements.
All existing sets except d4σ−

UU from Hall A (2015-17) and HERA.
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A selection of results.
2600 experimental points, 13 free parameters, χ2/dof ≃ 0.91.

CLAS

EFF unc.

Pol. PDF unc.

PDF unc.

PARTONS Fits 2018-1

0 ¹⁄₂ π π 1¹⁄₂ π 2 π
ϕ [rad]
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Distances in the transverse plane.
How much can we learn?!

Aside on electromagnetic form factors
Form factor: Fourier transform of charge density.
The Fourier transform of a compactly-supported function
is analytic over the complex plane.
Form factors have a branch cut along the timelike axis.
Hence the charge distribution cannot be bounded.

Distance to center of mass

EFF unc.

Pol. PDF unc.

Unpol. PDF unc.

PARTONS Fits 2018-1
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Conclusion and prospects.
Putting all the pieces together.

We can now build generic GPD models satisfying a priori
all theoretical constraints.
We now have tools to systematically relate these models
to experimental data in multi-channel analysis.
We now have an operating engine for global CFF fits.
We revisit the mechanical properties of hadrons to
assess how much we can learn from GPD extractions.

New studies become possible!
Global GPD fits.
Energy-momentum structure of hadrons.
Quantitative impact of nonperturbative QCD ingredients
on 3D hadron structure studies.
GPD and TMD studies in a common framework.
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Uniqueness of the extension.
Proof.

Proof (elements)
Let ℵ0 = (b, a) ∈ R2, s ∈ R and δ > 0 such that
⟨ℵ0 |ω0 ⟩ = b cosϕ0 + a sinϕ0 = s > s0 + δ.
Denote B a ball containing ℵ0 and the support of f, which is
bounded by assumption.
We will show that f = 0 in a neighborhood of ℵ0 in B.
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Uniqueness of the extension.
Proof.

Step 1
Identification of a neighborhood T of ℵ0 s.t.:

∀s > s0 + δ , ∀ω ∈ T ,

∫
R2

dℵ δ(s − ⟨ℵ |ω ⟩)f(ℵ) = 0 .

2∆ϕ

×(s, ϕ)
×

s0 s0 + δ

ϕ0 −∆ϕ
ϕ0

ϕ0 +∆ϕ Supp Rf
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Uniqueness of the extension.
Proof.

Step 2
Prove by induction on the multi index m = (m, n) that, for all
nonnegative integers m, n and ω ∈ T:∫

[s0+δ,+∞[
ds

∫
B

dℵ δ(s − ⟨ℵ |ω ⟩)ℵm ⟨ℵ |ω ⟩k f(ℵ) = 0 .

β

α

B

Supp f

Hω : ⟨ℵ|ω⟩ ≥ s

s

σ

ϕ

β

α
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Uniqueness of the extension.
Proof.

Step 2 (cont’)
Induction step: infinitesimal change of the first cartesian
coordinate of ω. G-type contributions go to 0.

β

α

B

Supp f

Hω

Hω′

ω

Gωω′

ω′

Gω′ω

β

α

H. Moutarde NPQCD 2018 38 / 39



Precision
GPD

phenomenology

Introduction
Physical content

Formal definition

Dispersion relations

Fit status

Generic model
building
Polynomiality

Radon transform

Positivity

Inverse Radon

Phenomenology
Models

Computing chain

Releases

DVCS data

Global CFF fit

Conclusion

Appendix

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Uniqueness of the extension.
Proof.

Step 3
Apply previous result with k = 0 and ω = ω0, let δ goes to 0:

for all n,m ≥ 0

∫
Hω0

dβdαβmαnf(β, α) = 0 .

Conclude by injectivity of the Fourier transform from L1(R2)
into the set of continuous functions on R2.

Back to uniqueness statement.
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